(/) Solutions

1. We have, C(x) = 0.005x> — 0.02x* + 30x + 5000

Clearly, the marginal cost, MC (x) = %C(x)

= ;;(o.oos.r’ -0.02x? + 30x + 5000)

= 0005 X 3x* -~ 002 2x + 30 + 0
= 0.015x* - 0.04x + 30
Now, marginal cost when 3 units are produced
= MC(3) = 0.015(9) - 0.04(3) + 30
=0135-012+ 30=30.015

m

m
drR d 2

2, Marginal Revenue (MR) = == = = (3x? 4 36y + 5
dx  dx

= 6X + 36 m
s Whenx=5
Marginal Revenue (MR) = 6 x 5+ 3= 66 )]



3. Let rbe the radius, ¥ be the volume and S be the
surface area of sphere.

Then, we have ¥ = Bam?/ s

dt
das
Toﬂndz.wbmrzlzcm
Since, v=i;nr’
ﬂ::fg l-.d_r.
d 3 dt
= 8=4xxr’i'-
dt
= £=_2..cm/s ~(1) )
dt  =r®
Now, S = 4nr?
§-=i(4xr:)=4xxr--d-'
dr dt dt
= 8Rrr x -2-3 (using Eq. ()]
nr
=16
s
= (is_) =.l_6=ic1‘n1/$
dt)raga 12 3 M

4. Given, fix) = x’ - 3x? + 6x-100

On differentiating both sides w.r.t. x, we get
fix)=3x-6x+6=3x"-6x+3+3 (1)
=3(x -2+ 1) +3=3(x-1)+3>0
f(x>0
This show that function f(x) is increasing on R.
Hence proved. M)

5. Let r be the radius of sphere and V be its volume.

Then. v=§ r’
Given, LA 3cm’/s
dr
.{(5 r.r’)= 3am¥s
dr\ 3
= 4 gﬂr‘pi".=3
3 dt
4, 3 dr
= ~3xr) — =3
’ﬂl )dz
: o dr 3
‘ . e 1B Y i 1
| X ;? (in
Now, let §be the surface area of sphere, then

§ w4t

7.

ds dr
o 2 e
= ‘% - W(;%;] [using Eq. (1))
= (ﬁ), 6

dt r
when r = 2, then

i‘i = 2 =3 cm’/s

a2

Wehave,  f(x) =4x’ -18x* + 27x -7
On differentiating both sides w.r.t. x, we get

fi(x) =12x* - 36x + 27

= (%) =3(4x? =12x + 9)
= f(x) =32x - 3)?
= ()20

= For any xeR,(2x - 3)22 0

Since, a perfect square number cannot be
negative.

~.Given function f(x) {s an increasing function

onR.

Let x be the length of an edge of the cube, V be
the volume and § be the surface area at any
time t. Then, V = x> and § = 6x2.

It is given that,

A o8 emisec = i‘-(x’)-&
dt dt

= 3x2££.=8=9 .d_xz_a...

dt dt 3x?
Now, § = 6x2
= -4s—=12x£=£=12xx—§—

di dt dt Ix?
= éﬁ:?g

d x

32

an’/sec = g cm?¥/sec

N

:(is-) =
dt )12 1

4
We have, f(x)=£4--x’-512+24x+12
On differentiating both sides w.r.1. x, we get
L= x> ~3% < 10x+ 24
m{x=2) (x}~x~12
mx=-2 (7 -dx+ W12

mi{x=2) (x(x=4+ Xx~4)
w(x=N(x-{x+))

m

M

m

m

M

m
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Note that,

for x & (0, —3), f'(3) < 0

for x € (-3, 2, (>0

forxe (24, f(x)<o0
“and for x € (4, ), f’(x-)>_'o R SERECT T o

=~ f(x) is strictly increasing in tHe ins .
V2 el ok s g in the intervals (-3 7\

and (4, =), and strictly decreasing inetr}‘:éal'S 32 -

(-~,~3)and (2,4). ' lnte}'vals

: m

9, Given, f()=-2>9x2 190 1) o
On dlfferentiat’ing bOth-Sides W.LL X, We-get

f)==6x*<18x-2 = .
= £x) = = 6(x* + 3x + 2) it
=  fO=-6(x"+2x+x }'2)'

== 6[x (x+2)+1(x+2)],
S =='6(x + 2) (x+1)°
Now, putf'(X) =0 X : o A4 3 o m
=-6(x+2)(x+1)=0
= | x=~-2-1"
The points, x = — 2and:x = = I divide the real line
into their disjoint intérvals (— e, — 2), (- 2,—1) and
(=1, o). SRS TR
o I 0 L w
-2

The nature of function in these intetvals are given

Lg

4 e

<

e
—_00

below
mterval 2" of f'(x), . Nature of
. T i =-6(x+2)(x+]) function
Fo-2 (A E=()<0 . Strictly
' decreasing
(~2,-1 (_)' +) ) =+)> o strictly
g B %140 increasing
(-l' °°) —) (+) (+) = y< 0 _Stri"ctl)"; <
— RAA ), ( ) decreasing
ol )
Hence, f(x) is strictly mcreasing in the jntﬁrval :
(- 2,=1) and f(x) is strictly decreasing in the (1]

interval (— oo, - QU (- 1/ o).

10.

Using the relation, perimeter of rectangle,
p=2(x+ y)and area of rectangle, A=y,
differentiate both sides with respect to t and put
them in rate of change valueé and get the result.

Given that length x of a rectangle is decreasing

at the rate of 5 cm/min.
Zd’:=—5cm/min ...(i)
R | .
Also, the breadth y of rectangle is increasing at

. the rate of 4 cm/min.

e "”%': 4 cm/min L) 2)
(i), Here, .Wé have to find rate of change of
| = m

perimeter, i.e. dP/dt |
“and we know that, perimeter P = 2(x + )
On differentiating both sides w.r.t. t, we get
1% ar - \dr. dt
i dP iy P : :
= L =2(-5+4)=2(-1) = - 2cm/min
o ““" [from Egs. (i) and (ii)]
Hence, periméter of rectangle is decreasing at
the rate 2 cm/min.’ m

(i) Here, we have to find"rat.e of change of =~ .

area ilé t
Tt Y :
We know that, area of réctangle A = xy
-On differentiating both sides w.r.t. f, we get -
E .@; =X- ﬂ -+ y .idf. ‘
dr. - dt dt
v, [by=USing product rule of derivative] (1/2)
- Now, we have x =.8cm and y =6 cm
@ semmin '
Tk n /min
d ! !
and. % = 4cm/min
i . o
i (8x4) +[6x(-5)]=32- 30
e . _M L ‘v, ¥} ., .
= —==2c i
: i m{mm

Hence tﬁe aréa of re ) is i
nce, ctangle is in ing a
'therate 2 cm/min. - 2

m

11. Leta be the side of an equi
| ; ! quilateral triangle ]
A be the area of an'equilateral triang'le.g gt

- da
Then, — =2
a2

~We know that, area of an equilatera] triangle

T

NS B
ra m -



On differenttating both sides wr 1. (, we et

@nl[’)(hﬁ‘!g M
dt 4 dl
= 'f: {: H2X20% 2 [ given, a = 20] (1)

4 20483 i
dt

Thus, the rate of arca Increasing 1s 2043 cn?/ s ()
12. i First, find lhe Iiral deﬁvi\llvu—ar\d pul équaﬁt‘)’ iém, ~
| Wa gel different values of x and then divido the

{ realling into disjoint intervals. Further check slgn

" of f(x)In a given interval, il *(x)> 0, then it ig

strictly Increasing and it *(x) < 0, lhen it Is alrictly
Ldecreasing.

e S —

Given function is

S =% —d4x) - 1262 4 5
On differentiating both sides w.r.t. x, we get

J(x) =12 = 1242 - 24x m

For strictly increasing or strictly decreasing, put
[ (x) = 0, we get

12x? = 12¢? - 24x = 0

12x(x? =x~2)=0

= 12x[x*=2x+ x=-2]=0

Rx(x+1)(x-2)=0
x=0,=lor2 m

Now, we find intervals In which f(x) is strictly
Increasing or strictly decreasing.

]

’ b'e 7

Interval - 12x(£4(» ;) (x-2) Signof f (’f)
x<=1 | (EE -ve

-l<x<0 (=) (+) (=) +ve
0<x<2| WwE -ve
X>2 0 ()& + ve

m
We know that, a function f(x) is said to be strictly
increasing , if f"(x) > 0and 1t is said to be strictly
decreasing . if f*(x) < 0. So, the given function
1{x) is
(i) strictly increasing on the intervals (-1, 0) and
(2 oo).

(il) suictly decreasing on the intervals (e, 1)
and (0. 2). 4]

13. Do same as Q. No. 12,

Ans, (1) Sictly increasing in (=2, 1) and (3,29).
(1) Sarietly decreasing in (~o-,~ 2 and (. 3).

14, Do same as ) Mo 1)

18, Glven function Is y = [2(x -

1 6’

17.

[ Ans, 10/ cm /5]
nY =12t uf
On differentlating both sides w.r.1 x, we gel

‘!—yml(x' 2x) g (2! - 2x)

dx dx
w20 ) (2 2) = dx(x - 2)(x < 1) M
Oon putting % = 0, we get
dx

AXX-2) X -1) =0 = x=0180d2 (O

Now, we find Interval in which f(x)1s strictly
increasing ot strictly decreasing.

PR B
nterval | 2 =arc -2 (-0 | LS
(o0, 0 (=) =) (=) I -ve
(0, 1) (+) (=) ) | #+ve
(1,2) +) () (+) i —ve
(2, o) (+) (+) (+) | +ve

m
Hence, yis strictly increasing in (0, 1) and (2, =).

Also, y s a polynomial function, so it continuous
atx=0,1and 2.

Hence, yis Increasing in (0, 1] u[2, o), (4]
Let y = f(x) = (x)”?
On differentiating both sides w.r.1. X, we get
f’(X) - ?_XUI
2
Let x =4and x + Ax = 3,968
Then, Ax = -0032

Now, f(x+ Ax) = J(X)+ [ (x)Ax
(X+AX)]IZ e (x))I2+

m

)

3
5-(1)”’-(—0032) m

= (4-0032)"2 = (g¥2 g-(q"’-(-aoaz)

3 [put x = 1]
= (3.96&”1 =84 5 2. (._0032)

= (3968”2~ 8_q09¢
(3.968"2 = 7.904
Do same as Q. No. 12.
Ans,
(i) Strictly increasing in

% (~3,0 and (5, ca),
(if) Strictly decreasing jn

==~ 3 and (0,5).



18, Pret 30502 0 v par g
i ' X and Ax
'x e Ax = 1;-02 and Ax + Ax)=l(3.ozimm
| Now. write flx + Ax} = f(z)+ Ay (x) and use thi
et 0 herequred vae '

Given function is fix) = 3::4» 15043 |
On differentiating both sides wr ¢, X, we get
S ()= 6x+15
Let x = 3and Ax = 002
o that fix+ Ax) = f(302) .
By using f{x + Ax) = f(x) + Ax f*(x), we get
fix + 8x) =3x 41504 34 (6x +15). Ay m
S+ 0.02) = 3(3)* +15(3) + 3+ [6(3) +15] (002 ()
= 27+ 45+ 3+ 33{0.02)

=75+ 066
= 75.66

Hence, f(3.02) = 75.66 )

P

18. } First, divide 49.5 into two parts as x = 49 and
Ar = 0.5 Now, lety = J;mdfmdgL Finally, find
i X

1 Ay using the formulady = E_‘Z.Ax,
( B Ox
Let x =49, Ax = 0.5and y = Jx
On differentiating both sides w.r.L. x, we get

dy 1

= (1

dc Nx
At x =49, (ﬂ)

dx x u 49
1 1 1 M

:’._..—-—:——-

=345 2x7 14

We know that, dy = % - Ax

S8k y)
140 28
I g gl
L f@Seyrdy=VO =TT
l..-y=ﬁ=m‘7]
196+l=l_2'_7

= 28

28

ﬁéj = 7.035

Hence. approximate value of J49.515 7.035

m

1 20. ‘ ngrul, dritw a rough figu

e of & (ght anglixl (nanle, l
yram Furthar difteretitialo

then uge Pythaguoras thet : '
| the relation between alifnn with raspent 10/ and ‘

; simplify I
e laddder, BC = X aml helght of the

A
lr\

y

Let ACDbe t
wall, AB = )

n

v 1 ¢
B Mx-—-——"’"
ground away

As the ladder Is pulled along the
from the wall at the rate of 2m/s.

dx
d e 2m/s
So, 7

To find g{. when x = 4

{)]
In right angled AABC, by Pythagoras theorem,

we get
(AB)? + (BC) =(AC)?

x4 ytm25
@+ yl=25=0 16+ y e 25

()

yi=9

y= 9

(taking positive square root ]
M

8 8 8 38

Y y=3
On diffcrentiating both sides of Eq. (1) wrt. t,
we get

dy

dx dy dx
Nl 4L =0 x—+ y=-0 W
i atlu” i

(dividing both sides by 2]
On substituting the values of x, yand -~
d
in BEq. (if), we get
ax2)+3x =0
dt
dy

= 8+ 3Ix==0
I m
dy -8
2 @ e N/
TR W
Hcgcc. height of the wall is decrcasing at the rate
f= .
o 3m /s m

NOTE In a rate of change of a quantity, +ve sign shows

that it is Increasing and -
St reasing and ~ve sign shows that it is



2
24 x
On differentiating both sides w.r.t. x, we get
Q=Lm_ 2+ x)-2-2x-1
dx 1+ x 8
2+ x)
[by using quotient rule of derivative]
1 4+ x-x
1+x 2+ 0?2
_R+x’-40+x
1+ x) @2+ x?
_4+x +ax-4-4x
L+ x) 2+ x°

21. Given function is y = log (1 + x) -

m

2
X ..()1%a)

1+ x) 2+ x)?
Now, x2, (2+ x)? are always positive, alsol + x> 0

forx>-—1. (1/2)
. dy
From Eq. (i), => 0for x> —-1.
dx
Hence, function increases for x> — 1. )]
22. Given function is f(x) =sin x + cosx.
On differentiating both sides w.r.t. x, we get
. f(x) = cosx —sinx m
Now, put  f(x) =0 =>cosx —sinx =0
= taanI=>x=—1—t,2£,aSOSx52n
4 4
Now, we find the intervals in which f{(x) is strictly
increasing or strictly decreasing. m
Test [x) Sign of
Interval | ;jue =cosx—sinx | f/(x)
T . 7
0<x<l | Atx=Z |cos—-sin— +ve
4 6 6 6
V31 431
2 2 2
Tex< 2 Aatx=EZ cos ~ —sin & —ve
4 4 2 2 2
=0-1=-1
T ir .
T x<2m Atx=3—— COS-?—S'H—Z— tve
4
‘ =0-(-1)=1

; n , . (® 5m
Note that, f/(x)> 01n (0, Z) fi(x)<0in (Z 2 )

and f(x)>0in (_55-, 211:).

Since, f(x)isa trigonometric function, so it ls

nt 5K
continuous at x = 0, & T and 2rx.

Hence, the function is
. T 5K P
(i) increasing in 0.—; and i n

5
(ii) decreasing in [E —Z’E} m

23. Given function is
fix) = x* = 827 + 22x7 = 24x + 21
on differentiating both sides w.r.t. x, we¢ get
fix) = 4x> —24x7 + 44x - 24
=4 -6x*+11x-6
=4(x —1) (x* = 5x + 6)
=4(x—1)(x=2)(x-3)
Put f'(x)= 0
= 4(x-1)(x—2)(x-3)=0 = x=123
So, the possible intervals are (-, 1), (1,2),(23)
and (3, =).
For interval (- o, 1), f(x)<0
For interval (1, 2), f(x)>0
For interval (2 3), /(x)<0
For interval (3, =), f(x) > 0.
Also, as f(x) is a polynomial function, so it is
continuous at x =1, 2, 3 Hence,
(i) function increases in [1, 2] and [3, ). )]
' (ii) function decreases in (- e,1]and [2,3]. M
24. Let V be the volume of cone, / be the height and
r be the radius of base of the cone.

()

)]

ﬂ:lZcm’/s ...(i) (172)

dt
Also, height of cone = l6x (radius of base of cone)

Given,

1
h=gr or r=6h ... (i) (/V2)

We know that, volume of cone is given by

1
v=§nr1h ... (iii)

On putting r = 6k from Eq. (ii) in Eq. (iii), we get
1
V=3 n(6h-h = V=l;--36h’ = V=12’ ()

On differentiating both sides w.r.t. t, we get

WV onx 2. 4h
dt dr

= ﬂ = 367[]12 . ﬂ’- m
dt dt



25. Let S be the surface

26.

27.

: dV
On putting £ = 3
I 8 ” 12em™/s and h = 4 ¢, we get

12=36r x 16 x
dt

e dh 12

At 36nx1e
dh _ 1

"d‘,'r‘ ‘KECHVS

Hence, the heighr of sa

nd cone is increasing at
the rate of 1/48x cmy/s.

U}

area, r be the radius of the
sphere.

GiVCD, r=9¢om

Then, dr = Approximate error in radius r=0.03cm
and d$ = Approximate error in surface area m

Now, we know that surface arca of sphere is
given by

S = 4xr?

On differentiating both sides w.r.t. r, we get
§=4nx 2r = 8nr 1)}
dr

= dsS = 8nr x dr

= dS =81 x 9x0.03

) [r=9cmand dr=0.03cm] (1)
= d$ =72x0.03n

dS = 2161 cm?/cm

Hence, approximate error in surface area is
216w cm¥/cm. )]

Do same as Q. No, 22,

Ans. Strictly increasing in the intervals [0, _E]

and (-5—" 2 21:] and strictly decreasing in the
4

; ( T Sn)
interval | — , — |.
4 4

We know that, a continuous function y = f(x) is
said to be increasing on R, if %2 0,VxeR (1)

i Givcn'_y=x1—3X2+3X y

On differcentiating both sides w.r.t. x, we get

m

28.

Now, 3(x —1)? 2 0 for all real values of x,

l.e. VXx€eR,

& 20 VxeR
dx )
Hence, the given function is increasing on R.

Given, f(x) = (x =1)* (x = 2)*
On differentiating both sides w.r.t. x, v;c.gct
J0) = 1) (x=2)7 + (r=2) )’

d dv du]
o 2 = U—+ V—
[ p () udx =n

(2)

= ) =(x=1)% 2(x=2)+ (x=2)> 3(x =1)
=(x -1 (x=2)[2(x=1)+ 3(x—2)]
=(x-1)2 (x =2) (2x =2+ 3x - 6)

= f/(x=(x =1)*(x~2)(5x - 8) '

Now, put f(x) =0
= (=)} x-2((5x-8=0

Either (x —1))=0orx-2=0 or 5x —8=0
x=1,22 (
5

Now, we find intervals and check in which

“interval f(x) is strictly increasing and strictly

decreasing.
S (x) . ’

Interval I l)z(x-2)<‘(5x—8) Sign of f(x)

x<l HEE) +ve
1< x< % | + ) tve
Bex<d () (+) —ve

x> 2 () (+)(+) +ve

Q)]

We know that, a function f(x) is said to be an
strictly increasing function, if f/(x)> 0and strictly
decreasing, if f'(x) < 0. So, the given function f(x)

is increasing on the intervals (=eo,1) (1, L and
: 5

(2 =) and decreasing on L . 2 a
5

Since, f(x)is a polynomial function, so it is
continuous at x =1, § 2 Hence, f(x)is

(i) increasing on intervals (—mg] and [2, ),

(i) decreasing on imerval[§,2} ' m
5 &

NOTE  Every strictly increasing (strictly decreasing)

function is incresing (decreasi
| sing) but con
need not be true, 6 Ve



4sln(_)___e

29. Given function is S(x) = 2¢> + 9x% + 12x + 20. Given function is y = 3% cos B i)
On differentiating both sides w.r.t. x, we get We know that, a funuion y = f(x) is said 10 be an
’ X)=6 2 — 0 f ll
J(x) = 6x* +18x +12 increasing function, if o 2 2 0, for all values of y,

(172

On differentiating both sides of Eq. (i) w.r.._g,

6x2 +18x +12=0

t
= 6(x2+ x+2)=0 we ge (2+cose)xi(4s.me)
= 6(x+1)(x+2)= 1d6
= x+1)(x+2)=0 . -4sin8x:;-e—(2+cose) l
= +1= = _):=_ | )
X - X+2"22.—l ) de (2+ cos 6)°
X = [ by using quotient rule of dcrivmivc]

Now, we find intervals and check in which
(2+ cos ) (4 cosB)—4sinb (0-sin 9)

interval f(x) is strictly i increasing and strictly
decreasing. (2+ cos 0)°
= 2
Interval | f(x) = 6(x + l)(x + 2) | Sign of f'(x) 8cos @+ 4 cos’0+ 4sin’ 6 2]
— = (24 cos
X<-2 ) +ve == 2( v
, . (2+ cos 6)
—2< X< -1 +)(-)(+ . b .
) ve 8 cos @ + 4 (cos® 8 + sin® 6)
x>-1 (H+) ) +ve — (4+ cos? 0+ 4cos ) 0
1) - (2 + cos 6)?
ch kno‘w that,.a function f(x) is said to be an [o@+b?=a’+ b2+ 2ab)
strictly .mcrt?asmg function, if f*(x)> 0and strictly 8cosO+ 4—4—cos?0—4cosd
decreasing, if f*(x) < 0. So, given function is = 2+ cos 9)2
increasing on intervals (—=,—2) and (-1, =) and . 2 2
decreasing on interval (-2, —1). 1) ' 2 B SRE0s 0 =1
Since, .f(x) is a polynomial function, so it is —4cos@-cos” @
continuous at x = -1, — 2. . (2+ cos 6)2
Hence, given function is = 4y _cos8(4-cosh) (M
(1) increasing on intervals (—e, — 2 and [~1, o). de (2+ cos 6)2
(ii) decreasing on interval [-2, —1]. | m Now, as cos 6> 0, V@ e (0, E)
. 2

30. Do same as Q. No. 29.

i . and (2+ cos §)2 bej ; ,
Ans. (i) The function increasing on intervals ( 97 being a perfect square is always

(— =, 1]and [2, ). positive for all @ e (0' E} W2
(ii) The function decreasing on interval [1, 2] : 2
T
371. Do same as Q. No. 29. Also, for@ e (0, 3) we know that 0< cos 8<1

Ans. The function increasing on (- e, 2] and [3, =)
and decreasing on [2,3]
32. Do same as Q. No. 29.

4-cos0> 0forallge (O, E) w2
2

Thus, we conclude that

Ans. (i) The function increasing on (- =,1] CO(S\;:‘LCO\ie) >0,Vee (O, E)

and [2, ). = & 2
(ii) The function decreasing on [1,2]. = 26 >0 Vee ( ) /2
/ To prove thtiglven function ls naredsing, pove | " oyisan increasing function ij (0, -E)' m
{ that =~ o > qur alle,

Hence proved.



34. Given, f(x) =5in'3x - coq 3,
On dlffcrcnllfmng both sides il
On putting f(x) = 0, we gey X We get ['(x) = 3cos 3x + 3sin 3x

m

an3x =) = 3y 0% TR ILT . 1angis negatlve In 1ind and 1Vth quadrants]
= .r:-E,?_n”R dv 44
4 12" 12 m
Now, we [ind intervals a;
em—— \d check in which intervals f(x) Is strictly Increasing or strictly decreasing.
T
— e | J'(x) =3 (cos 3x + sin 3%) sign of ['(x) _
P Atx =2 T S
n ;n 6 3(cos-’2£+ sin-’%): 3(0+1)=3 e
—< X< — _ %
4 12 Alx__3_ Jcosm+sinm =3(-1+0=-3 -ve
n Ilrn
@ RS _3n 3 n 9\ a1 1 )= + ve
12 12 Alx..T (cos4+sln 1 =3 75+72= 3/2
lin 23n
—_ = 2 -
T <x<m Alx—a- 3(cos_:_“+sin3£nJ ) ve
= 3[cos(3n'— £)+ sin(Bn -Z\|=3 (—cos-’E + sin—’E)
8 8 8 8
. = 3(sin£-cos£)< 0
8 8

(2)

Here, we see that f/(x)> 0, for0< x < T and g o % so f(x) is strictly increasing in the intervals (0%

(71: lln}
and | —, —
12 12
7 In

Whilcf’(x)<0in-75<x<-—-andl—-—<x<1t ‘
4 12 ' ‘ M

12
117 )
—,n}

. - 7
So, f(x) is strictly decreasing in the intervals (-:: —E) and ( T

m
35. Given function is f(x) = x?-x+1. |
On differentiating both sides w.r.t. x, we get f(x) =2x-1 "
1
0nputtingf'(x)=0=>2x—l=0 = X5 .
Now, we find intervals in which f(x) is strictly increasing or strigtly decreasing.
Interval fx)=(2x-1) | Signof f(x)
1
*e PR ) -ve
1
. 2 +) +ve
‘ i ] - is strictl decr;:asin on|— o 1 m
Here, f(x)is strictly increasing on (5. ’ )aﬂd f)1 cuy ! g on st v
; 1 - is strictly decreasing on [ -1, 1
g i = and f(x) is strictly sing On( -1
= f(x)is strictly increasing on ( = 1) f ) )
: i hout the interval (=1, 1)
= J t have same Sig0 throug Ee
& f’(x) does no - Eil ’

Thus, f(x) is neither increasin



36. Given function is f(x) = 20 - 9x + 6x% —x°. , m
On differentiating both sides w.r.t. x, we get f/(x) ==9+ 12x — x? -3
On putting f*(x) = 0, we get

—9+12x-3x=0=-3(x?—4x+3)=0 =-3(x —1)(x - 3)

~-3=0
=0= x-1) (x 3)
‘ )

= x-1=0orx-3=0 =>x=lor3 R
Now, we find intervals in which f(x) is strictly increasing or strictly decreasing.
Interval | fix)=-3 (x-1) (x -3) Sign of f/(x)
x<1 A —ve
l<x<3 =EHE) + ve
x>3 ) —ve . m

' . , A ic sai e strictl
We know that, a function f{(x) is said to be strictly increasing when f/(x)> 0and it is said to b ¥

decreasing, if f(x) < 0. So, the given function f(x) is

(i) strictly increasing on the interval (1, 3) and . )
(ii) strictly decreasing on the intervals (—, 1) and (3, o). '
37. Given function is f(x) =sin x — cos x,0< x< 2n a

On differentiating both sides w.r.t. x, we get f (x) = cos x + sin x
On putting f’(x) = 0, we get

' cosx+sinx=0 = sinx=-cosx = SIMX _ 1 =>tanx=-1
- Cos X
For xe[O,Zn],tanx=tan3—n=>x=zE
. 4 4
n . n
or tan x =tan — = x=—
4 4 : .
Xn= —34£ i 7%‘ ['~tan 8 is negative in IInd quadrant and IVth quadrant] (2)
Now, we find the intervals in which f(x) is strictly increasing or strictly decreasing.
Interval Test value “ f(x) =cos x + sin x 3, Sign of f'(x)
3r T n T . =
O<x<= At x== f’(—)=cos—+sm—=0+l=1 :
4 . 2 2 2 2 Hive
E< x<Z£ At x=ZE f’(i’f)=cosﬁ+sin 2K
4 4 6 6 6 6
= cos(n—£)+sin n-=
6 6
=—cos£+sinf=;‘/§+l="/§";1 _
7 23n ( 231:) 23n . . 23¢
Tlcx<e2n At x=". f1=— |=cos=— +sin===
4 12 12 12 + ve

) . T
= cos| 2 — — |+sin| 2t = = | = cos. T —«i
( 12) ( 12) TR

TS0
12

We know that, a function f(x) is said to be strictly increasing in an interva] Whe;x f'(x) > Oand it is said to b
said to

(

strictly decreasing when f(x) < 0. So, the given function f(x) i.s strictly increasing in intervals [ o 31‘) and

(—7—”, 21!.') and it is strictly decreasing in the interval (T >
4 s

3r 71:

2)

€

M



e

Hence, the point is (X y)z(il- 3)
nce, po 1+ N .48'4

quation of the 1angent is given by

Now, ¢
y=n"n =m(X-I;i_
e
4 : 43
4y -3 48x — 4]
= =
4 24
= %(4}:_3:48;{-41
. = 6(4}"3=481'41
Ea SO'UtIOnS — 48x—41-24y+18=0
= 48x — 24y =123
1. Let (x;, ) be the point on curve from which which is the required equation of the tngeges. (2
tangent to be taken. We know that, slope of Now, equation of the normal is given by
tangent is given by SRS -1 - x))
Q y—n= ‘; ( i
anlpoinlofcomact = y—}-=:—l-(x—-il-)
Here, y = 3x — 2 ol =
‘ - - ay—3_—1(48x—4l
Oon dlfferenuan;lg Ww.I.L X, we gel = e 2 ( 48 )
ly 3
¢ 243x -2 24
Slope of tangent at (x,, ;) is = 244y — 3 =41 —48x
& o . = 96y+48x—113=0
dx lx .y 2437 —2 which is the required equation of the pormal. (0
Given, tangent is parallel to the line 2. Given curve is x” =4y
4x-2y+ 5=0 .
So, slope of tangent = slope of (4x — 2y + 5= 0
4
= "2=2
-2
['.'slope ofax+ by+c= Ois—f;—]
3 =2

- 2,/3/\'1 - 2
= 3=4./3x -2

On squaring both sides, we 8¢t

9=16{3x; — 2
9 _a
== 3x1=1_6+2=> X =g 4)]
Since, point (x, , 3) is on the CUVe: therefore
N =43 -2
3x‘31_2=§ Let th. 1) be the paint vehére norinal
4 intersect. and curve

= g



Then, slope of normal at (h, k) = -%

Equation of normal passing through (#, k) with
slope :hg is

y-k=33(x—h) m

Since normal passes through (-1, 4). It will satisfy
its equation

=2
= 4—-k=_2(-1-
h( h

= - k=4+%(-l—h) (i)

Since, (h, k) lies on curve x? = 4y
h2
W=4k = k= . (ii)
4
Using Eqs. (i) and (ii), we get

h2
4+_ -1-h==
( ) =

hZ

= Z“Ql+h=—

(1 ) =

2

= 4 - 3—2 L

h 4

2

= Z—Esh_.

h 4

, 3

= 2h—2-h—

4

= K -8h+8=0
= (h-3(H+2h-49=0= h=2-1%+5

When, | h=2k=1

h=—1+~/§.k=3——‘—2{2

h=-1-45k=

3-45
. Required points are (2, 1), (—l + 5, ——2—-)

and (—1 -5, 3+2J§}

Therefore, equation of normal at point (2, 1) are

y—l'--("
=% x+y=3

3.

3-4/5
Similarly at points (—1 +/5 S )and

(_1 -4, 3+2\[§)arc

y_(3"*/§)-_—_i—{x—(~/§—l)}
2 5-1
5 -2 (=] -
and y-(3+2‘/—]=ﬁ{x -1-Y9} m

Given equation of curve is
16x2 + 9y* =145 oo(i)

Clearly, when x = 2 then
16(2)2 + 9y* =145

= 9y? =145- 64

= 9y* = 81

= y =9

= y=13

[taking square root on both sides]
But it is given that y, > 0

y=3 (1/2)

'Thus, the point of contact (x,, ) = (2 3)

Now, on differentiating both sides of Eq. (i)
W.I.t. X, we get '

3418y P =0 = 18yY =32
dx dx
& __16x
dx 9 y

. Slope of tangent at point (2, 3)

=(&) _-l6 2_-32
(2.3

= (1/2)

dx

and slope of normal at point (2, 3)
-1 -1 27

[ENCE
2y \27 /2)

Now, equation of tangent at point (2, 3)is

(y—3)="—3%(x-2)
27 -

= 27y-81=-32x+64 = 32x+27y=145 ()
and equation of normal at point (2, 3)is
-3)=Z(x-2
32

= 32y-96=27x-54
= 27x-32=-42 m



4 Given curves are P+ =g
and (x=-2+ 2=y
From Egs. (l) and (ii), we gey

X*+d4-dxy 2oy

(i)
.- (i)

= 4*4X=0 =Sx=] m
On putting value of x ip Eq. (i), we get
y=4v3

- [since point taken in first quadrant]
=, Point of intersection is (1, 3),

on differentiating both sides of Eq (i), we get
dy d
x+2y2 =0 = Y
dx

——_

dc y

dy -1
Then, m, =(—)(1,\/§ = 3
' =5

m
On differentiating both sides of Eq. (ii), we get

dy _
2(x-2+2
. A+ 2y2L it

= dy _—x-2
dx .v
dy) -3 _1
Then, m, = J3) = =__
en, m, (dx Lv3)= \/3 B "

If8is the angle between both curves (i) and (ii),
then

| 35 | |2
ano=|M-m|_| BB ||
1+ | ) +(-_1)(L)' Il—l’
3 3 3
2 3
=—X—-=\/§
J3

0= tan™! (v3) =§

' .
~. Angle of intersection between the curves is ?(1)
5. Given equations of curves are

x = 3cost — cos’ ¢t
and y = 3sinf — sin>t

On differentiating w.r.t. f, we get

dx d d 3
— =3—(cost)— —(cos’¥)
da dt { ) dt
' d

= X _3x(-sin#) = 3cos® t — (cos )
dt » da -

< W 3sin t — 3cos’t X (- sin f)
dt - ,

= ﬂ = - 3sint (1 —'Cos™1):
dt

6. Given equation of curve is

1
= X _ _ 3sint xsin®t m
dt d
and 2= Bi (sinf) = — (sin’r)
dt
= dy = 3x (cosf) — 3sin’ l;—(bml)
= ﬁ}-' = 3cost - 35m t X cost
dt
= Y _3c0s1(-sin’0)
dt |
= Y _ 3c0st x cost m
dt
4 _ _ 3sin’t and Y — 305t
dt dt
dy _dy/dt _ 3cos’t _ _ 03 W2)

oG e T dc/di - 3sin’t

.. Equation of normal is
1

—cot’ t

y—(3sint —sin’f) = -

[x — (3cos t —cos® )]  (1/2)
1

Y= h == (x = x,)]
[-y=xn dy ) dx 1
3

= (y-3sint+sin’*f) = Smst (x —3cost + cos’l)
cos” t

= ycos’t—3sintcos’t +sin?tcos’t
= xsin®t - 3sintcost + sin? tcos>t (1/2)
= ycos®t — xsin®# = 3sinf cos’ t —3sin?t cos ¢

.= ycos’t - xsin’t = 3sint cost(cos? f —sin? 1)

= 3sinf cost(cos 21) x Z
2

[-cos® t —sin?t = cos 2]

]

le le

sin2tx cos2t [ 2sin ¢ cos ¢ = sin 21

sin2t x cosZt xZ'
2

]
B W
m-

5
»

[ 2sin 2t cos 2t = sin 41)

S 4(y cos’t - xsindf) = 3¢
e ) = 3sin 4t w2)

Hence proved.

y=x>+2r-4
On differentiating both sides W.I.L. X, we get
dy '
— = 3x2
i + 2



Sy

" 4
/

<. The slope of required tangent is

m = LI 2 (1/2)
dx a
Now, slope of line x + 14y - 3=
or == i <+ i
14 14
is my =— 4, (172)
14

Since, the required tangent is perpendicular to
the line x + 14y — 3= 0,

mom,==1
S (3x2+z)x(_i)=_1
14
= 3x2+2=14
= 3x2=12_=>x2=4
= x=t2 ' m

When x = 2, then
y=2+2x2-4=8+4-4=38
When x = - 2, then
 y=(-2P’+2x(-2)-4
=—-8-4-4=-16

- Points of contact are (2, 8) and (- 2,-16). (172)
Now, equation of tangent at point (2, 8) is
dy
y-8=(2) -z
dx )28 '
= y-8=(3%x22+2 (x-2)
= y—8=14(x - 2)
= y=14x - 20 (172)
and equation of tangent at point (- 2, —1 6) is
' y+l6= Yy (x+2)
Yy dx (-2,-16)
= y+16=[3(-2)2+ 2 (x + 2)
= y+16=14(x + 2)
y=14x+12
Hence, the required equation of tangents are
y=14x-20and y=14x +12 M
7. Given equation of curve is y* =ax> + b (i)

and equation of tangent is y=4x -5 ...(ii)
On differentiating both sides of Eq. (i) w.r.t. x,
we get

dy’ 2
2y— = 3ax
ydx
dy= 3ax?
= de. 2y

(x1» )

(%
Now, slope of tangent at (2,3) = dx (2.3)

_ 3a(2?
2(3)

=2a 4)]

But, from Eq. (ii), we have slope of tangent = 4

2a=4 = a=2 m
Since, (2, 3) lies on the curve, therefore from
Eq..(i), we get

9=8a+b ; )
= 9=16+b [ca=2]
= =-7
Hence, a = 2and b = -7 . )
Given curve is 9y = x°. . (i)

On differentiating both sides w.r.t. x, we get
| dy 3x* _ x?
ox2y W 32 o X _X
. dx 6y
Let (x,, ;) be the required point on the curve (i).
Then, slope of normal to the curve (i) at point
1 — 6y,

_ =— (i) M
‘ (d}'/dx)(x,,yl) X

Since, normal makes equal intercept on the axes.

. Slope of normal = tan ™ , tan 8 1 m
4 4
i 6y, _ "
Hence, " —..:t 1 [from Eq. (ii)]
, 1 Py
= n=+t2L ... (iii)
6
Again, point (x,, ») lies on curve (i).
9yl2 = x13
C a2
= 9| +. 'xl — . s
v X, [using Eq. (iid)]
9x}
= i3
= EvEkl m
= i =
4
= X =4
3 ;
¢ 6 6 3

Hence, required points are (4, E) and ( 4 = 8} m
| P

Note that x,  , a5 X, =

3 0, tl‘lerl = 0.
will pass through (0' 0)' yl SO, normal

which is not possible.



9. Given, X =asin’g
on differentiating both sides w.r ;. 8, we get
= a(3sin’@ cos @)
— e 2
= Jp - >0 Sin"0cose (172)
and y=a cos’@
on diffcrcmizting both sides w.r.1. g, we get
d_g = —34 cos?0sin O
L4
Then, Q =d6 _ 34 cos?0 sin 6
dx ﬂ 3asin%0 cos ©
de
dy
= — =-cot0
dx (172)
(_d-‘y') =-—cot —=-]
dx p=" 4
4 4
Also, at0 = E
4’
3 3
. T
x=a|sin—|,y=a|cos—
(03] 7=2(=3)
3/2 3/2
= X=a(l) ,y=a(1) m
2 2 A
. T 1 1 1
rsin— =— and cos— = —
[ 4 2 4 Ji]
Now, equation of tangent at the point
a a |.
is
((2)3/2 ( )3/2) ]
d
-h= f; (x—x)
a —_—
> e (=)
2 L
= yrx=opE = =92
: £ m
= x+y-—==0
=30

PRLTE o I
Clearly, slope of normal Slope of tangent

-1
=  Slope of normal = 1 =1

Now, equation of normal at the point

a a | _ L =]
[W'(Tyz'}s Y (2)3/2 ()(

x—-y=0

M

10.

11.

Given equation of curve is

Y
raE
On differentiating both sides w.r.L. X, W€ get
x_2 Y _o :ﬂ:i m
2 i a’y
. Slope of the tangent at point (V2a, by is
dy _Yzab® _ V2 .
(;)(Jiz, ) ba a
Hence, the equation of the tangent at point
2a, b) is
y—b =:3‘-/_3bi (x - 24)
a
= a(y—b):ﬁb(x-ﬁa)
= ay—ab=s/§bx—2ab
= 2bx—ay—ab=0 m
Now, the slope of the normal at point («/ia, b)
_ -1 _ -1 W2
" Slope of tangent J2b/a

Hence, the equation of the normal at point(\/Ea, b)

is

(y - b) = ——2— (x — J2a)

J2b
= ﬁb(y—b):—a(x—ﬁa)
= V2bhy—2b* =-ax+2a®

ax + 2by—J2 (@ + bH) =0

m

First, find the slope of tangent to the given curve
and of given equation of tangent, then equate
them to get value of x. Put value of x in given
curve to find required points.

Given, equation of curve is
y=x>-11x+5
Slope of the tangent at any point (x, y) is given

..(i)

dy
b
Vs

dy _

= 3x2 -ll ii

I -.(11) (D
Also, slope of the tangent y = x —11is 1.

dy _

dx

2 =

= 3x“-11=1 [from Eq. (i)]
= 3xz=12=>x2=4=,xzi2 m



12.

13.

When x =2, then y=(2)’ -11(2) + 5

=8-22+5=-9 (172)
When x =-2,then y=(-2)> -11(-2)+ 5
=—8+22+5=19 (/72)

Since, the points (-2, 19) does nat lies on the line
y=x-1

Hence, the required points on the curve are
(2,-9). m

As tangent is parallel to X-axis, put dy = 0and find

value of x from it. Then, put this vglue of xin the

equation of the given curve and find value of y.

Given equation of curve is
X2 +y -2x-3=0 (i)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

x+ 2P _2-0
dx

dy
= 2y i =2-2x
= & _2-% = D el=X m
dx 2y dx y
We know that, when a tangent to the curve is
parallel to X-axis, then 2: ’ m
On putting iv- =0, we get
dx
l-x=0 = x=1 (1/2)
Now, on putting x =1in Eq. (i), we get
1+ y*—2-3=0
= y-4=0
= - =4 2y=22 /2

Hence, the required points are _( 1, 2) and (1, -2).
- m

First, determine the derivative and put dy = yand

then find the value of x from it. Further, put this
value of x in the equation of the given curve and

find the.value of y.

Given equation of curve is y = x°. (i)
On differentiating both sides w.r.t. x, we get

ﬁ}i=3x2
dx

».Slope of tangent at any point (x, y) is

dy _ 352 \)]
dx

Now, given that .
Slope of tangent = y-coordinate of the point

L
* d
W Y 3,2
= xt=y [ T 3x ]
= wl=x> [y=x)
o w-x’=0=x*(3-%=
= Either x?=00r3—-x=0
x=03 M
Now, on putting x = 0and 3 in Eq. (i), we get
=(0>=0 [at x = 0]
and y=(3°=27 [at x=3] (1)
Hence, the required points are (0, 0) and (3, 27).[1 )
14. We know that, the equation of tangent at the ‘
point (x;, ) is y—y =m(x - X) : (1)
where, m= (Q) (1/2)
v - dx (x1.n)

Now, given x = sin 3¢

(i)

= 3 cos 3t [differentiate w.r.t. (]
and y=cos 2t ...(iii)
% =-2sin 2t [differentiate w.r.t, 1 ]
(4) -2
Then, - di) _ =2sin 2t o
dx (ﬁ ) 3 cos 3t .
dt -

On putting ¢ = . we get
4

.

- 2sin —
m=(d_y) - 2= -2
dx l=... 3’[ ‘3

7 3cosZC i,
V2
sin1=l andcosE=cos rt--’£
2 4 4
=-cos-=—L
e 4 [z
= . m=_~2"/._§. i
3 V)]




Also, to find (x,, ), we pitt & %

in given curves. 4

From Egs. (ii) and (iii), we get

X =5i"l}=sin(u~.’f)=sin n_ 1
4 4- 3
and y,=cosE—p
2
(XI'YI)=(L,0)
V2 (1/2)

Now, on putting (x, )= (L , 0) and m= 2_\/5

in Eq. (i), we get

2
y- o_ﬁ(x_L] o y_oo 232
3 V2 3 3
= 3y=20/2x-2
Hence, required equation of tangent is
22x-3y-2=0. m

15. | The curve cuts the X-axis, so put y = 0 and get the
comresponding values of x. Further, differentiate
and determine the slopes at different points. And
then use the equation of tangent

Y-y =mx-x)}

Given equation of the curve is
=(x*~1) (x-2) ()
since, the curve cuts the X-axis, so at that point
y- coordinate will be zero.
So, on putting y= 0, we get
(2-1)(x—-2)=0= x2=1 or x=2_
x=+1or2 = x=-11,2

.o

. Thus, the given curve cuts the X-axis at points
(-1,0), (1, 0) and (2, 0).

" On differentiating both sides of Eq. (i) w.r.t-X,
we gel

m

Y _(x2-1)-14+(x—2)- 2
dx

roduct rule of derivative]

[Byusing’p
&Y _ 214 2% -4x
dx
iy_=3x2-—4x—-l M
dx

ow, slope of tangent at (1.0 is
AR > :
m =(ii!-) =3(-1)*-4(D 1
dx )i-1.0)
=3+ 4-1= 6

16.

(. n)is givenbyy—-»n =

Slope of tangent at (1,0 is

m,=(52) =307 -4 -]
dx )i, o

=3-—4—l="2

Slope of Langcm at (2,0) is
my = (d” =327 -42-1
dx )iz.0)
=12-8-1=3
ow that, equation ! of tangent at the point
=m(x — X;)-
of tangents.
(-1, 0) having slope

m
We kn

Here, we get three equations
Equation of tangent at point
y-0=6(x+1)

Equation of tangent at pomt (1, 0) having
slope (my) =—2, is
y—0=-2 (x -1)

= y=—2x+2
= 2+ y=2
and equation of tangent
slope (m;) = 3 is

y—0=3 (x 2)

= y=3x-6
3 x—-y=6

at point (2, 0) having

m

Given equation of curve is %
4x* + 9y =36
On differentiating both sides w.r.t. x, we get

sx+18y Y =0
dx

dy _

N 18y = = - 8x

= —_ =

= —=— LY m

But given that, tangent passcs through the point
(3 cos 6, 2sin 6).

~.Slope of the tangent, m

(Q) _-12 cos @

dx )(3cose, 2sin8) 18sin @
dy _ —2cos@
dx 3sin@




‘Now, equation of tangent at the polm

(3 cos 6, 2sin 8 having slope, m = - =" 0
3sln 9
= y=-28in@= 2cm9(x 3cos6)
3sin@

[cy=n=mx=-x)] MW
=5 3ysin0® - 6sin? 0= - 2x cos 0+ 6 cos? O

= 2rcos0+ 3ysin®—6(sin0+ cos’@) =0

~2x cos O+ 3ysin@-6=0 [.sin?0+ cos’0=1)
which is the required equation of tangent. 4]
17. Given equation of curve is
y=x*—6x>+13x*-10x + 5
On differentiating both sides w.r.t. x, we get

Y o 4x® —18x + 26x-10 m
“dx

Slope of a tangent at point (1,0) is

m=[£¥-] =4-18+26-10=2 m
xm]

-~ Equation of tangent at point (1,0) having
slope 2 is ‘ m
y-0=2(x-1)
= y=2x-2
Hence, required equation of tangent is 2x — y =2
4 1)

18. We have to find the points on the given curve
where the tangent is parallel to X-axis. We know

that, whcn a tangent is parallel to X-axis, then

dy —0

dx

d, 2 2
= —(x*=-29)"=0
dx( ' ,

= 2(x*-2x)(x-2)=
= x=0,1,2
When x =0, then y =0 (—2)] =0
When x =1, then y=[1-2 (1) =1
When x = 2 then y= [Z -2x 2] =0
Hence, the tangent is parallel to X-axis at the
points (0, 0), (1, 1) and (2, 0).
19. Given equation of curve is .
x-1 (i)

=__—-—’_.

X 2_5¢+6

20.

On diffcrcntlatlng both sides w.r.t. x, we get

dy _(x —5x+6)l—(x—7)(2x 5)

dx (X -5x+ 6’
U,y
,_j_(_) Vax  dx
“dx\v v
(x2-5x+6)—y(x2—5X+6)]
. (2x - 5)]
= —— == 2
dx (x* - 5x + 6)
__x-7
T x2-5x+6
\ (x=T7)=y(x*=5x+ 6)
1 Q=£_-£";5_Ly (i) m

dx x*-5x+6
[dividing numerator and
denominator by x> = 5x + 6]

Also, given that curve cuts X-axis, so its
y-coordinate is zero.

Put y = 0in Eq. (i), we get
x=-17

_2_.__=0
xX“=5x+6
= x=17 (1

So, curve passes through the point (7, 0).
Now, slope of tangent at (7,0) is

m=(dy) __1-0 1
dxl'm)

—_  =_. m
49 -35+ 6 20

Hence, the required equation of tangent passing

through the point (7, 0) having slope 1/20 is

1
y-0=—(x-7
20( )
= 20y=x-7
x—=20y=7 , m

-
dy/dx

First, find the slope of normal to curve, i.e.

| -and put them equal to the slope of line, simplify

them and find the values of x and y. Further, use
the equation y - y; = Slope of normal (x — x,).

Given equation of curve is
y=x>+2+6 ()
and the given equation of line is |
« ‘Xx4l4y+4=0




on differentiating both sides of

we get Eq. (i) w.r.1. x,
Y a3
23
T *2

~.Slope of normal = _~! -1

id!J-?oxzq—z
dx

Also, slope of the line x + 14y + 4=¢js - 1

—. M

14
[-.-slopc of the line Ax + By+ C=0is- -A—]
B

We know that, if two lines are parallel, then their
slopes are equal.

1 1

x*+2 14
= 3x2 + 2=14
= 3x?=12 = x*=4
= x=%2 m

When x = 2 then from Egq. (i),
Y=’ +2(2)+6=8+4+6=18
and when x = - 2, then from Eq. (i),
y=(2+2(-2)+6=-8-4+6=-6
-~ Normal passes through (2, 18) and (-2, —6).
-1

Also, slope of normal = T

Hence, equation of normal at point (2, 18) is

-1
-18=_(x-2)
= 14

= 14y-252=-x+2

= X+ 14y = 254 (1/72) .

and equation of normal at point (-2, —6) is
1
+6=——(x+2)
4 14 -

= 14y + 84=—x—2
= x + 14y =—86 (1/2)
Hence, the two equations of normal are
X+ 14y =254 and x + 14y =—86. m
Given equations of curves are

¥ = dax ..(i)
and x? = 4by ..-(ii)

Clearly, the angle of intersection of curves (i) and
(ii) is the angle between the tangents to the
Curves at the point of intersection. (/2)
So, let us first find the intersection point of given
Curves,

On substituting the valuc of y from Eq. (ii) In

Eq. (i), we get ,
2
X | =4ax
4b
x* 4 2
= 4ax =X = 64ab"x
=¥ 1667

-  x%—64ab’x=0
= x(x>-64ab’) =0
= x = 0or x = 4a'’p*>
Clearly, when x = 0, then from Eq. (i), y=0
and when x = 44'/2b¥>, then from Eq. (i),

¥ —16aV P =y = 4a¥3p""?
Thus, the points of intersection arc (0, 0) and
(4al/3b2/1 4a2/3bl/}). (1]
Now, let us find the angle of intersection at (0, 0)
and (4a'%p?3, 42?3

Let m, be the slope of tangent to the curve (i) and
m, be the slope of tangent to the curve (ii). (1/2)

Angle of intersection at (0, 0)

) (B
s dx Jai(0.0) Y Jat(0.0)

and rn2 = (ﬂ) = (i) = 0 [1)
¢Y at(0,0) 2b at (0,0)

=> Tangent to the curve (i) is parallel to Y-axis
and tangent to the curve (ii) is parallel to X-axis.

-. Angle between these curves two is .

2 v
= The angle of intersection of the curves is . m
. 2
Angle of intersection at (4a'/3p?/3, 442/3p\/ 3)
1/3 1/3-
Here,m =22 ___1 a” 1fa
4a®’p!3 = 3 i3 " 5|}
_ 4q'/3p%3 ' @ 1/3 ’
and m, = ST 2(;) , (172)

tan@ = | "2~
1+ my m, (/2)




22.

3(a\? 3fa? o
1 e R
_1.2\p _12\p _| 3b
||+(5)2” pY3 4 %3 2(a2“+b2’3)
b
o] 3(ap)'”?
= @=tan'{ "1 ___
{zw”’+b”ﬁ
Hence, the angles of intersection of the curves are
4 o] 3@p'”?
—andtan” { ————% ()
2 {zm”’+b”5 _

Given equation of curve is
y=cos(x+ )), 2nS xS 2w ...(1)
and equation of lineis x+ 2y =0 ...(ii)
= y= —l_x

2

Clearly, slope of tangents to the curve is _—zl (v2)

Let (x,, y,) be the point of contact, then we have
Y, = cos(x; + ) [from Eq. (i)] ...(iii) (1/2)

and slope of tangent = (ﬁ)
(xp.n)

_ —sin(x, + y,)
1+ sin(x; + »,)

m

[ dy : ( dy)
o = =-sin(x + 1+ —=
T (x+y) I

dy | . dy .
= —+SsI1n(x + _..=—5mx+y)
(x+y) (

:Q: —sin(x+ y)

| dx  l+sin(x+y) ]
=1 _ —sin(x, + y) ar)
2 l+sin(x; +y)
= 1+sin(x; + y) = 2sin(x; + »)
= - sin(x; + y)=1 ...(iv) (172)

On squaring and adding Egs. (iii)zand (iv), we get
(:05;2(,\'l + ) +sin2(x, +y)=1+x

= 1+)yf=1 = y=0= y=0" m
On putting y, = 0in Eq. (iii), we get cosx, = 0

2K [-—2m < x<2m]
2 .

But dnly X, = T and ﬂ satisfy Eq. (iv)- m

Hence, the points of contact are (_-:2-, O) and

()

23.

~.Equations of tangents are

0=_1 x—-’f)
y- —-}- >

0=-1 x+2£)
)’——E 2

and

~2x+4y=mand 2x+ 4y =31 m

Given equations of curves arc .
xXX=9p(9-¥) weeli)

and L=py+1) -..(ii)

As, these curves cut each other at right ang!c,
therefore their tangent at point of intersection are
perpendicular to each other.

So, let us first find the point of intersection and
slope of tangents to the curves.

From Egs. (i) and (ii), we get
wO-N=py+l)
99-N=y+1

[-p#0asifp=0 then curves becomes
straight, which will be parallel]
= 81-9y=y+1 = 80=10y = y=8 m
On substituting the value of yin Eq. (i).we get
x=%3p

Thus, the point of intersection are (3\/; , 8) and
(—3\/;' 8) -

Now, consider Eq.(i),we get
2 2

¢))

=9 =

L=9—y=> y=9—x— m
9 9
On differentiating both sides w.r.t. x, we get
Y_ - (iii)
d« 9p
.. x2
- From Eq. (ii), weget —— =y +1
p
_ 2
= y= & s 1
. p
On differentiating both sides w.r.t. x, we get
dl = 2 1
o 7 - (iv) (1)

Now, for intersection point (3,/7, 8), we have
slope of tangent to the first curve

_26Jn_-6/p

9 9%

and slope of tangent to the second curve

=—-——2(3‘/;) =;“/_;

P p

[using Eq. (iii)]

[using Eq. (iv)]



~-Tangents are Perpendicular 14 cach oth
er.

Then,
Slope of first curve x gjq
Pe of second Curve =
&P 4 e
% p T TI=p=4 m

And for intersection point (-3 /p 8), we h
r .l e avc
slope of tangent to the first curve

= .—2(_\3#-) — 6J; ' ’
9 9% lusing Eq. (iii)]
and slope of tangent to the second curve
=263p) _ -eJp
p e [using Eq. (iv))

-+ Tangents are perpendicular to cach other. Then
6J; X -6J; - _l '
% b

4
= -=] = =4
p p

Hence, the value of p is 4. m

Comym, =-1]

24. Given equation of curve is
y=x*-2+7 (i)
On differentiating both sides w.r.t. x, we get

dy
— =2x-2
) m

(i) Given, equation of the lineis 2x—y+9=0
= y=2x+9
which is of the form y = mx +c. .
~. Slope of the lineis m=2
If a tangent is parallel to the line, then slope of
tangent is equal to the slope of the line.

Therefore, Y _ moa2x—-2=2=x=2
When x = 2 then from Eqg. (i), we get
y=2-2x2+¢7 = y=T7 )
The point on the given curve at which tangent
is parallel to given line if (2, 7).and the
equation of the tangent 1s
y-7=2(x-2) V=N = m(x - x)]

= 2x—y+3=0 .
Hence, the equation of the tangent line to the
o line

given curve which is parallel t [1)
. 2x-y+9=0is y-2x-3=0
" (ii) The equation of the given lin€1s

Sy-15x =13 -
= y=———5-—’ 5

which is of the form y =mx+¢

<. Slope of the given line is 3. ’ vz
If a tangent is perpendicular 10 the line
S5y ~15x =12
Then, the slope of the tangent = “3
Zx-—Za:l_ - Zx:z? - X =
3 3
When x = 2, then from Eq. (i), we get
6
2
yu(2 —2(_5)+ 7
6 6
- 604 252
= 22 - 1.9 + 7= _2__5________.—-———
36 6 36
_ 217 m
Y 36

given curve at which

. The point on the PR
ven line is

tangent is perpendicular to gi
(2, 217) and the equation of the tangent is

217 -1 5)
- =X
4 3( 6

6" 36
36y-217 _—X, 3>

= +
36 3 18
36y—217 _ —12x+10
= —
36 36
12x+ 36y—227=0 n

Hence, the equation of the tangent line to the

given curve which is perpendicular to the line

Sy—15x =13 is 36y +12x— 227 = 0. (v/2)
25. Given curve is x? = 4y.

On differentiating both sides w.r.t. x, we get

X = 4_dl = .‘iy. = i m

dx d« 2
Let (h, k) be the coordinates of the point of contact
of the normal to the curve x? = 4y. Then, slope of

the tangent at (h, k) is given by

(ﬂ) _h
ax Jinxy 2

" and slope of the normal at (h, k) =_"1 _ —_2
dy/dx h
Therefore, the equation of normal at (i, k) is
-2
y—k=7(x—h) ()M

" €quation of normal in slope

formisy - y, = ‘L(X - X)
m



Since, it passes through the point (1, 2), so on
putting x =1 and y =2, we get

2-k=22 a-hn
h

2 i
= k=2+I:(l—h) (i) )

1
Since, (h, k) also lies on the curve x* = 4y,
therefore W = 4k (i) (1
On solving Eqs.(ii) and (iii), we get

h=2and k=1

Substituting the values of hand k in Eq.(i), the
required equation of normal is

=2
y-—l=—2—“(x—2)=> x+y=3 m

Now, equation of tangent at (h, k) is

h
—k==(x-~H
y 2( )

On putting h=2and k =1, we get

y—l=§(x—2) = y-l=x-2

y=x-1 A o (1))

26. | First, differentiate the given curve with respect to x

and determine gy_ Then, find the equation of

X
tangent at (x,, y;). Now, as this equation is passes
through given point (x, ¥,), S0 this point will
satisfy the tangent and curve also. Further, simplify

it and get the required equations of tangent.

Given equation of curve is

3x*-y*=8 (i)
On differentiating both sides w.r.t. x, we get
6x—2yQ=0 = fX=E{ m
dx dx. y
Equation of tangent at point (4, k) is
y-k=(ﬂ) (x=h
dx Jon, k)
= y—k=x-h ...(ii) ()

e - P ¢
Since, it is passes through the point (;, 0}

0—k=2}_l(é—h)=> —k2=3h!4—-—3h)

k\3 | 3

= M-k -4h=0 ...(iii) (M

Also, the point (h, k) satisfy the Eq. (i), so we get
3 - K2 =8 ...(iv)

27.

n solving Eqgs. (i) and (iv), we gel
4h =8
h=2

Now, 0

=
On putting /t = 2in Eq. (iv), we get
32 -k*=8

= k=4
s 1

= k=12 M
Now, putting the values of hand k in Eq. (i),
we get 1)

- (+2) === (x—2)

y=@2)=—"%

= yF2=13(x-2)
= y=1%3(x-2) %2
= y= + {3(X - 2) + 2} (4)]
= y=%x(3x-6+2)
= y=1(3x-4)
Hence, y = - 3x + 4and y = 3x — 4 are (wo
required equations of tangent. 4]
Given curve is y = 4x> = 2x°. (i)

Let any point on the curve be (x, ,,). So, it

satisfies Eq. (i).
: N =4x; —2x; ...(ii)

On differentiating both sides of Eq. (i), we get
dy

= 12x? -1054 (1/2)
Equation of tangent at point (x,, y,) is
=5 =(%) (x —x,)
(x1.n)
= Y= =0200)%-1000)* ) (x - x,) M
Since, it passes through the origin.
0=y = (12 ~10x{)(0 - x,)
= n=02¢-10xt)x,  ...(iii) @/2)
From Eqgs. (ii) and (iii), we get
(12x{ ~10xf)x, = 4x3 — 2
=206 5x) = 292- x))
= 26(4~4x}) =0
= X =00r4-4x2 =0
Xy =0o0rx, =+] {)]

On putfing the values of X; =0,1and -1
respectively in Eq. (ii), we get



atx =1y =4(1)’-2m5=4-2=2
and at x; =(-1),
7N =412 =23

m

=4(-D-2(-1)= 443 -2
Hence, all points on the curve at which the

tangent passes through origin, ar
b g ¢ (0. 0,1, 2)

28. Given equations of curves are
X =

) ¥ (i)
an Xy =k (ii)
Let the curves (i) and (ii) cut ag right angle. (172

t us first find the poj i i ¥
Clﬁwes, point of intersection of given
On substituting the value of x from Eq. (i) in
Eq. (ii), we get

y3 =k = y= kll;
On substituting y = k' in Eq. (ii), we get
X = kZ/)

Thus, the point of intersection is (k'/3, k¥3),

m

m

Now, let my; be the slope of tangent to the
curve (i) and m, be the slope of tangent to the
curvet (ii).

dy 1 1

mam=(2) (1) i
dx (k3 k113, 2y (k3 4173 2k'3

[from Eq. (i),we have 1 = ZyQ = & _1 m
dx  dx

and m, = -dz =[-2
dx Jii 23 23, X Jik 23 g 113)

_kII) =
= kZIl =;l/—}
d
[from Eq. (ii), we have x% +y=0=> 2% = —%](1)

Since, the curves (i) and (ii) cut at right angle.

.. Angle between the tangents to the curves at the
) . s %

point of intersection is = i.e. tangents to the

curves are perpendicular to each other.
' m

= my -n, = -1
= _1 =1 =-1
S 73 'kT/_B
= 1 —1=2k¥=1 m

: On cubing both sides, we get
g8k?=1 Hence proved. (/2)

29, Given equations of curves are

30‘

x = acost + atsintand y = asint —at cost

On differentiating x and y separately w.r.t. £,

we get
dx _ _asint + a(tcost + sinf)

dt
—asint + atcost + asint = atcost

ﬂ = acost —a[t(—sinf) + €Os nj

and
dt '
= acost + atsint —acost = atsinf m
dy
Now, & = dt - 2SNl _ any (1/2)
dx 4x atcost
dt :
oint = —— = —cott
= Slope of normal at any p e -

Now, equation of normal at any point { is given by
y—(asint —at cosf) = —cott [x—(acosl+ atsin#)] (1)

—cost .
= y—asint + atcost = — > (x —acost —atsinl)
sin

= ysint —asin®t + at costsint = —x cos!
+acos’t + atsint cost
=  xcos!+ ysint = a(cos*t + sin*1) 0]
[+ sin®’8+ cos?6 =1 ]
(1/2)

= XxXcost+ ysint =a

. Xcost+ ysint—a=0

- Now, the distance of normal from the origin is

given by
0-cost+ 0-sint — N
|0- cos sinf—a| _ | a|=a m
Jcos?t + sin?t i ‘

Hence proved.

First, differentiate the given curve with réspect tod .

and then determine gy- ate = T, Further, use the
Ix 4

formula, equation of tarigent at (%1, y4)is
y=%=m(x - x,)

and equation of normal at (x1.y1)is

1
Y=V =—-—(x - x,)
1 m(x x4)

Given curves are x =1 —cos8and y =0 —sin g

On differentiating x and yseparately w.r.t. g,
we get ~

dx _d .
40 —_dea —Co0s6) =sin @
' dy - d £
and _y =— _(B— 3
0 de(e sin@) =1 — cos §



Now, Q _dy/d® _1-cos@
dx dx/d® sin 8

1-cos X s 1
Ath%.(%) S S
0=2  sin T ~
4 4 ﬁ
Also, at 8=T,
4
G 1 _2-1
x,=l—cos —=1l——_.=
n . t_Tn 1
and h=—-N—=—-— 1
‘4 4 4 42 m

We know that, equation of tangent at (X1, n)
having slope m, is given by

y_yl =m(x_xl)

}’T'(%‘%)#\/E—I)[x—(%)]

s ?‘—%f%:ﬂ«/i-n-@ m
= y—§+%=x(\/§—1)—__(2“\/‘52*/—2')
- (y-%+%)=x(ﬁ_l)_(3-éﬁ)

Hence, the equation of tangent is

12—8«/—2—\/2%+4
xW2-1)-y= e

= x(8—-4—~/§)—4«/§y=(16—ﬁn—8«/§)

Also, the equation of normal at (x;,y) having
slope = is given by
m

1
}’"}'x":";n-(x“xl)

(B

= y(ﬁ—l)e[ﬁg“)(«/ﬁ—l)
J2-1

=-x+ =
—«/51:—4«/§+4)
42
_—V&x+42-1
. V2
= 4f2yW2-1)-2n+2n+4/2-4
 =—4/Zx+4V2-4
= 4/2x+ 42y (2-1)=2n-2n
= 42+ y(B8-4/2) =2n—2n
42x + (8- 42 y=n2-2)

= y(x/i—l)—(z't

m

Q)]

m



[ Solutions

3 1. Let x be the length of a side of square base and y

be the length of vertical side. Also, let V be the
given quantity of water.

Then, v =iy ool
¢ volume of cubsid = LA B/ H |

. v % », l
Cleatly, the surface area, § = 4%/

- Ax- V 4 1° (using Eq. (1))
Z2
X
st S(x) = 'W g (1
x
Now, on differentiating both sides w.r.t. X, we get
50 = =3 4 20 i) 2
X
On putting 5(x) = 0, we get
:.I_”./ 4 25 =) '
xl
=P :.4..Jf = =2
X
]
=y x’ =2V = x=(21)? W2

Again, on differentiating both sides of Eq. (ii)
w.r.t. x, we get

S (% =§l:-+2
X
and  $”((2v)'"3) =_2% +2=44226>0

I
’ 8(x) is minimum when x = (2V)5.
From Eq. (i), we get

AT v Ba
2 P 5 [-x” =2v]

Thus, the cost of material will be least when

depth of the tank is half of its width. 2

Let r be the radius of circle and x be the side of a
square. Then, given that

Perimeter of square + Perimeter of circle

= k (constant)



ie. 4x+2nr=k=,x=k-21tf >
4 '.'(l) (1)

Let A denotes the sum of their areas.
~.Area, A=area of a square
A=x*4 g2

+ arca of circle

| ...(ii)
On putting the value of x from Eq. (i) in Eq.(ii)

we get .
k — 2
4 =( an) 2
4

On differentiating both sides w.r.t. r, we get

dA k - 2nr 2n
—_=2
dr ( 2 )( 4r)+21tr

T
- y (k = 2rr) + 2nr m
For maxima and minima, put ad =0
dr
T
= -Z(k—21|:r)_+ 2nr=0
_ 2
= = k+ ﬂ+ 2nr=0
4 2
= ﬂ(n+4) =-1—rk
2 4
= r=2k i
2n+ 8
d*A ( ) d
Now, &£ = — |=—|2nr — = (k - 2rr,
' dr? dr dr [ ( )]
mom s 2T
4
.Y n’
=2+ —>0
2
d*A
m
dr?
From Eq. (iii), we get
k
r= -
2rn+ '8

= 2rn+8r=k

= 2rrn+ 8r=4x+ 2nr
8r=4x

= X=2r

[~ k=4x+ 2nr)

i.c. Side of square = double the radius of circle

Hence, sum of area of a circle and a square is
least, when side of square is equal to diameter of

- circle or double the radius of circle. m

Hence proved.

3. Let x m be the length, y m be the breadth and

h=2m be the depth of the tank, Let T H be the
total cost for building the tank, Now, given that
h = 2m and volume of tank = 8 m’.

Clearly, area of the rectangular basc of the tank

[2

=length x breadth = xy m’ )]

and the area of the four rectangular sides
=2 (length + breadth) x height
=2(x+ Yx2=4(x+ y)n’

~Total cost, H=70x xy + 45%x 4 (x + ¥)

= H=70xy+ 180 (x + y) Al M

Also, volume of tank = 8 m’ A

=:1xbxh=8=:«x><yx2=8=y=i ...(ii)
o am

On putting the value of y from Eq. (ii) in
Eq. (i), we get

H=70xxi+180(x+i)
X X

= H=280+180(x+i) (R (M
X

On differentiating both sides w.r.t. x, we get
d—H =180 (1 = )
dx

XZ

For maxima or minima, put d—H =0
dx \
= 180(1-1)=0=> l—i=0
x? x?
4
= —=1
)
= X2=4 = x=2 ['X>0] m
2
Also,d_=i(d_)=i 180 1_1
dx \ dx dx x2
=%x180
X
d? 8
Atx=2,1—| =2 x180=18
[dx L, 2 0>0
dZ

= Hisleastat x =2,

Also, the least cost = 280 + 180 (2+ i)
2
[put x = 2in Eq. (iij) to get least cost H]
=280+ 180x 4 =280+ 720=21000

Hence, the cost of least expensive tank is 7 1000
(172)

m



4. Let k be the height and @ be the radius of base of ‘
cylinder inscribed in the given sphere of radius (R).

N A4BC,  AB* + AC* = BC?
[by Pythagoras theorem)

= al+(-}1).=R2 = a=p-I m’
2 ' 4
Volume of cylinder, V = nah
—m| Rl x (@R*h - I Q)]
4 4

On differentiating both sides two times w.r.t. &,
we get
av 9

— =— (4R* - 31
dh 4

and L‘::E(— 6}1)=—.3_M ()M
dh- 4

For maxima or minima, put d_d‘i: =0

= TUR -3 =0 = K=3p
4 3
= h=2R M
V3

[ height is always positive, so we
do not take ‘~’ sign]

On substituting the value of #in Eq. (i), we get

ﬂ:iﬂi}g:-ﬁﬂko
an® 2 3

= Vis maximum.
Hence, the required height of cylinder is % m

Hence proved.

Now, maximum volume of cylinder, V

- n 2R(.> 1 4,
=nh|R*-1L =1t—(R'——-—R)
( J BlU a5
2
uth=—R
[puci= 3]
‘ 2 3
_ROGR-R)_4nB® 0

)
5. Given, equation of curve is y° = 4x.

Let P(x, y) be a point on the curve, which is

nearest to point A(Z = 8).
Now, distance between the points A

given by
) 2
AP = J(x-2)*+(+ 8

. 2
[ -2] v+
\\ 4
=’i’1+4-}'2+}'2+16}’+64
16 o '
y! )
= |2 +16y+ 68 .
Y16

4
Letz:AP’=Tyg+l6y+ 68

m
and Pls

3
Now, @=L x4y’ +16=2 +16 m
dy 16 4
For maximum or minimum value of z, put
3 )
“_0=2 +16=0
dy 4
=y +64=0= (y+4) (Y’ -4y+16 =0
= y=-4 m
['y* - 4y + 16 = 0 gives imaginary values of y]
2
Now,d—§=lx3y2=3y2
dy* 4 4
For y=—-4,
d’z 3
F=Z(‘4)2=12>0 V)]

Thus, z is minimum when y=-4

S;xbstituting Y =—4in equation of the curve

Yy~ =4x; we obtain x = 4,

Hence, the point (4, - 4) on the curve y? = 4xis
nearest to the point (2, - ), m

- Let R be the radius and 4 be the height of the

cone, which inscribed in a sphere of radius 7.,
OA=h-r

In AOAB, by Pythagoras theorem, we have
| =R+ (h— )2
= r2=Rz+h2+r2—2rh



The volume of sphere = L%

(4]
and the volume V of the cone,

V= L nR*K
3
= V= 13 mh (2rh - h?) [from Eq. (i)]
= V= % T (2rh* — 1) .. (i)

On differentiating both sides of Eq. (ii)
w.I.t. h, we get
av 1

= =3 k- 31°) -..(iii) ()
. .. av
For maxima or minima, put . =
= 131:(4rh- 3k =0
= . arh = 34
= 4r =3h
== h=i‘3i [:h#0] ()
Again, on differentiating Eq. (iii) w.r.t. k, we get
v _1
=_ 1t (4r — 6h)
dn* 3 4

S maximum at h = —, M

, , Hence proved.
On substituting the value of 4 in Eq. (ii), we get

of the sphere. ' m

‘v’

7. Let 2¢ be the length and y be the width of the .

window.

Then, radius of semicircular opening = xm

Since, perimeter of the window is 10 m.

204 y+ y+ ZX=10

= . 2+ 2y+ mx =10
= x(n+ 2+ 2y=10
y_lo—x(n+2)

= ()M

Note that, to admit maximum light, area of
window should be maximum.

Here, area of window
A = area of rectangle + area of semicircular region

=2 xy+ lzn.xz m
= A=2 (W) 2 linxz [from Eq. (i)]
(/2)
=A=10x-x*(n+ 2) + lzux2
On differentiating both sides w.r.t. x, we get
i :
—=10-2x(m + 2) + mx
= ( )
=10-2x T - 4x + nx
=10- nx - 4x <.(ii) M
For maximum, Put A 0
dx
= 10 = nx + 4x
10
= X=
‘ T+ 4 2

Again, on differentiating both sides of Eq. (ii), we
get e

d’A
Pl
d’A
- Fl. o AR+ 80



Thus, area is maximum when x = - 10 (4]
T+ 4

Now, on substituting the value of X in Eq. (i),
we get

2r=10-(n+ 2) x 0
N+ 4
- 2y_m[n+4 n- 2] 20
T+ 4 n+ 4
__lo
T+ 4

m and width of

Hence, length of window =
T+ 4

window = % m, to admit maximum light
T+

through the whole opening. m

8, Let V be the fixed volume of a closed cuboid with
length x, breadth x and height y.

Then, V=xx x x y

- =1 () m

x2

Let S be its surface area.
Then, $=2(x*+ xy + xy) m

=  S=2x+ 2= z(x2 + EJ [using Eq. (i)]
X v

= §= Z(X +£)

X.
= d-:Z(Zx—%) -
dx X
2
and 1_f=(4+§;) m
X
as
Now, —=0
; dx
= 2(2x—z =0
X
2V
= ZX=F
I=y
= X =
= V=,\’3 ‘ ")‘
=  xxxxy=x’ = y=x om
2
Also E =4+.§K=12>0
dx? = 13 |4

$ is minimum
fv(;lcn length = x, breadth = x and height =

m
when it is cube.

).

. Let AC'= x, BC = 'y and’r be the radius of circle,
Also, ZC=90° [~ anglc made in semi-circle is 90°)

In AABC, we have
(AB)?=(A0*+(BO)’

= 22 =(x)2+()?
= art=x*+y ~(1) @
C

«— 2r—> B

A 0
We know that,
A ’ .
Area of AABC,(4) =5 x-y o
On squaring both sides, we get
A%= 1 X2y
4
Let A*=S "
577
Then, S=—x%y?
4
= S=ix2(4r2—x2) [from Eq. (i)]
= S=l(4x2r2—x4) m
4 [ ‘ ' »

On differentiating both sides w.r.t. x, we get

%: i(srzx —4x) |

For maxima or minima, put % =0

%(Srzx—4x3) =0

= 8r’x=4x> = 8r?=4x? = x2—3?
= X=\/§r m
From Eq. (i), we get

V=4r*-232=32 y=2r

Here, x=y, so triangle is an isosceles. m
Also, d—zs—i[ (8r2x—4x3):|= l(8r2—12xz)
d® dx ‘ 4
= 22— 342

d*s
At x=42r, p=zz-3(2rz)<o= —-4r<0

Hence, area is maximum when triangle is an
isosceles. Hence proved. m




40. Letus consider a right angled triangle with
base = x and hypotenuse = Y. Let x + y =k, where
kis a constant. Let @ be the angle between'the

base and the hypotenuse, Let o
triangle, then be the area of the

1 1 r
A_ExQRxPQ=—x\/y2—x2 m

2
= AZ=M
4
2
Z_X[(k—x)z_xz ,
= A= 2 ] [cy=k-x]
2 k2x2 "2}0\’3
= 4TS (i)
dA _ 2k*x — 6kx?
dx 4 ... (ii)
= jd£=k2x_93kx2 e
dx 44 )

" Now, for maxima or minima
puts S0t (k*x - 3%x¥) =0 = =K am
dx 3

d’A _ 2% - 12k«

dxz - - 4 ..(iii)

2
Again, Z(L‘ﬂ) + 24
dx

[using-Eq. (ii)]

“.Ji"‘ 3. \H

Put ﬁ:o and x = L in Eq. (iii),we get
dx - 3 -
2 2
E_A. = i <0
dx? 44
Thus, A is maximum when x = (fj) m
Now, xX= E
3
k)_ 2
= d ( 3) 3
Z =cos6
Y
k/3 _1 T
= c0s@= ——== =>0=—
2k/3 2 3
Hence, the area of triangle is maximum, when
fo-T Hence proved. (1)

3

11. Given, volume of t

he box=1024 cm>. Let length of

side of square base be x cm and height of the

the
box be ycm.
y
AN )
\‘ — X —

Volume of the box, V =X 2.y=1024 1)
= x%y =1024 7

_ 1024 (1/2)
= Y= .

Let C denotes the cost of the box.
C=2x> x5+ 4xy x 2.50 M

=10x* +10xy =10x (x + J)
1024
=10x(x + ——2—-)
X

=10x* + 10220 ...(1) (172)
X

On differentiating both sides w.r.t. x, we get
4C _ 50x +10240 (- %)~
dx

= 20x — 10220 ...(i)
X
Now, d_C =0
dx
- 20x = 10240
XZ

=  20x>=10240
= x*=512=8" = x=8 m
Again, on differentiating Eq. (ii) w.r.t. x, we get

2
2 _20-10240(-2. L
dx ' )

— 20480
=20+ —>0
X .
d’c 20480
) =20+ =60>0
(dxz )X =8 512 [1)

For x = 8, cost is minimum and the corresponding
least cost of the box

C(s) =10- 82 £ 10240

=640 + 1280=1920

| [using Eq. (i)]
Hence, least cost of the box is T 1920. m



12,

Let 6 be the semi-vertical angle of the cone.

It is clear that8 e (0, %}

Let r, i1 and I be the radius, height and the slant
height of the cone, respectively.

L)

Since, slant height of the cone is given, so
consider it as constant.

Now, in AABC, r =1lsin@and h=1cos 6
Let V be the volume of the cone.

Then, V = Iy
. 3
= V=l3 7t (1% sin?6) (I cos6)
= V=l3 w1 sin’0 cos 6 m

On differentiating both sides w.r.t.8 two times,
we get

3
av_Iix [5in?6 (- sin 6) + cos 6 (2sin 6 cos 6)]

3
= LE (—sjn’ﬂ + 2sin Bcos’6)

3
2 3
and & ‘: =1 (~3sin26 cos 8 + 2 cos’0
do- 3 ‘
— 45in*0 cos 6)
2 3
4V 1x (2 cos>@ — 7sin?8 cos 6) (1)
de’
For maxima or minima, put E’- =0
= sin®@ = 2sin O cos’0
= tan’f = 2 |
= tan@=+2 = 6=tan"' 2 m

Now, when 8 = tan™' /2, then tan’0 = 2
= sin®0 = 2 cos6
Now, we have -
v _ Iz (2 cos®0 — 14 cos>6)
8> 3
=—4nP cos’0< 0, forBe (O. 1:-)

m

-

-1
-~ Vis maximum, when 6 = tan

or

13. Let ABC be the given isosceles triangle,

8= C()S-'l

G- =

1 M .
-rcosB = e lanle A:2 \6

Hence, for given slant height, the scnﬂ-ycmcal
angle of the cone of maximum volume 1s
a1

cos 3
V3

)

Hence proved.

with

AB = AC.

Clearly, OD 1 BC, OF L AC, OE 1 AB
[~-radius is perpendicular to the tangent
at the point of contact]

and BD = BE, CD = CF, AE = AF

[--tangents from an external point o
a circle are equal in length] (1)

Since, AD is an altitude of isosceles AABC,
Therefore, BD = CD

[~in an isosceles triangle, altitude
from common vertex of equal sides
bisect the third side)

= BD=BE =CF=CD

['"BE = BD and CD = CF)

Now, perimeter (P) of AABC= AB+ BC+ AC
=AE+ BE + BD+ DC+ AF + FC

=(AE + AF) + (BE + BD+ DC + FQ)

= 2AE + 4BD (1))
Consider AOE4, in this we have
OE
AE=—""_=_" andoa=_"_
tan® tan® sin®

and in AADB we have BD = AD tan®
= (A0 + OD)tan®

r
=l —+ | % 9
(sinﬂ r) =

m



r .
Now, P=2- —— 4 4[_... p
and e + r)bm&

[from Eq. (i§]
= P(B) = r(2cot B+ 4%cB+ 41an 6 A (12)
On differentiating both sides w.r.1. 6, we get
P(6) = r(=2coec’ 8+ 4secf tan 6+ 4se @ .. (il

z,( =2 4smﬁ 4
 sin0 cos‘& cos? BJ

= f("'ZCOS 6 + 4sin’0 + 4sin 6]

(172)

sin’Bcos*H
Now, put P’§) = 0
=  -2c05’8+ 4sin’ 6+ 45in’6 = 0
=-2( -sin’@) + 4sin’6 + 4sin?0 = 0
= =2+ 25in’8+ 4sin’6 + 4sin’0 = 0
= 2in’8+ %in?0-1=0
= (sinB+1)(2sin’8+sinB~1) = 0
= sinB=—1or 2sin’6+sinB-1= 0
= 25in’6 + sinB-1 = 0

[-sin@ # -1, as B can’t be more than 907

= (25inB-1)(sinB+1)=0

= sinf = — [sin@ = —1]

6=

2
= m
6

On differentiating both sides of Eq. (iii) w.r.t. 6,
we gel '

P (@) = r(4cosec?8cot 8 + 4sec’

+ 4secBtan’6 + 8sec’01an)

P‘(EJ> 0
6
jus, P(B) is minimum, when 0 = X

6

(1/2)

v, from Eq. (i), least perimeter = P(%)

() ()l )

r(2f+4 T+4 J_)

6+8+4 18
= =S r=6V3r (1/2)
s ) V3

Hence proved.

14. Lat r be the radins of thr

sphere and AMBETI NS
of cuboid are x, 2x and >
s~ "
Mtr r2[3/1~ g 7 dx 4 2x g

=k (canstatit}
= Anrts6x’ =k

[given |

!* ’J’. LA m

=7 rl = k::.!‘.{. WY T B | v
-~ AR Y 4m

4_3. %oy
sum of the volumes, V = 3 w4 r} o x 7 2x

,—:i’ir,.}.q-,zx" i)
3 3
3
2
'Vaif( E:ﬂ- 24 31’ ()]
= 3 4n 3

On differentiating both sides w.r.t. x, we get
I

av_a_ 3fk-0x ( '?-*J+2,<3x
dc 3 2 4m 3

47
—
=2an-(’Jr (:3—{]4» 2x*
4n n
-(-(,x)"" 6x% | 32 m
4n

For maxima or minima, put e =0

2
= (60555 t 2 =0
’ 2
= = 6x =3 i
4n
= x=73r [using Eq. (i)] (1)

Again, on differentiating fg w.I.L. X, we get

N




8r
Now, ar = —6r+ 9"‘9')4.12, b+ 50
a? = xr T

Hence, V is minimum when x is equal to three
times the radius of the sphere. m

Hence proved.

Now, on putting r = % in Eq. (ii), we get

3
4n( x 2 bl 41\: % 1 2 )
Van=—| = +2x
e 3(3) 3 Ta 3T
=2x2(.2_n+1)=2x3(_4i+1)
3 27 3 189
i (233) 466 o m
3 189 567

15. We have, f(x) =sinx - cosx, 0< x < 2=
On differentiating both sides w.r.t. x, we get
S(x) = cosx +sinx . (i)

For local maximum and local minimum,
Put f’(x).=

jie. cosx+sinx=0 = cosx =-sinx m
= tanx=—l=>x=1r-£or2n:-£

4 4
= x=3— or 77" 1))

Again, on differentiating both sides of Eq. (i)
W.I.t. X, we get

S (x) =-sinx + cosx

3n

When X = T ,then
f"(E =- sm3— + coszt- m
4 4 4
= —sin(n - E) + cos(n - E)
4 4

=—sin£—cos£<0
4 4

7R y
When x =—4—'th¢n i (7:)— —sm%t + cosL®

= Siﬂ( 1) + cos(Zn—E)
; 4

T

=sin— +
4 m

n
Thus, x = — F is a po  maxima and
m

x---lupolntofl

Now, the local maximum value,
el 3" coszf-
4 4 4
14 ' 4
= -——=|-cos{ ®—-—
sin( T 4) 4)
. T n 1 1 2 ‘J—
= — + C0Ss—= + = =42 (1)
MITYTTR TR R
and the local minimum value,

_7_1!_ = sinzt- - COSZ£
4 4

- T _ _ 1
sy s 2 4
2 J2 :
72 :

16. Let f(x) = ax + by, whose minimum value is

required.
2 e
Then.f(x)=ax+bc— [given,xy=c2=y=—;]
X $

On differentiating both sides w.r.t. x, we get

rix=a-b m
X ’>/
For maxima or minima, put f’(x) = 0
bc?
= a-—=
7
2
= a_bLg 2=bi. DX =
x2 a

At X=J—F—c,f"(x)= 2bc? a—':
a

()

Hence, f(x) has minimum value at x = |

( Jb ]
=~ € 3
a 1.

Hence, f(x) has maximum value at x = <




17.

18.

-, Minimum value of f(x)=q4 |b N
— C
Jq +b&1

=~ab-c+ f3p..
=2Jab .,
Given equation of curye Isy=4x2, 7 o
equation of straight line is y=3x ; + 2and
Let P(x, y) be any point op th |
y= X2+ Tx + 2. S ol

Let D be the distance of poins » i
et point P from Straight line,

gy
p=BX=y-3 3x-y_y

Fren | T m
= M=|3x—(x2+ 7X + 2) - 3|
DX+ 7x+2) -3
410 V1o m
=V*ﬁ+4x+$gx*+za+f+l
‘\/ia JI—O
_x+2)7+1
it Jo (1)

On differentiating both sides of Eq. (i) w.r.t. x,
we get |
d_D _2(x+2)+0

dx v1o

For extremum value of D, put %) =0
= 2(x+2=0
= x==2 0
d’p _ 2
ax* V10
Thus, D is minimum when x = -2 4]
Now, y= x> + Tx + 2=(=2)°+ 7(-2) + 2
=4-14+2=-8 .
Hence, point (- 2, — 8) is on the parabola, which lsn
closest to the given straight line (

Let P be a point on the hypotenuse AC of ri_ght .
angled A ABC. Such that PL L AB and PL =aan

PM 1 BC and PM = b.

Let «£APL = Z/ACB=8

Then, AP =asec® PC=h cosecO

Let I be the length of the hypotenuse. then
l= AP+ PC .

= J= asec+ b cosec, 0<0<—

s w.I.t. 6, we get

[say]
m

On differentiating both side

d—l =asecH tan®—b cosec@ cot 6 (1)

For maxima or minima, put % =0 m

= asecO tan 8= b cosecO cot 6

. 13
= asin® _bcos® _ tan9=(£)
cos’8  sin’8

a
A
pAS 1
b»
0
Cc M B

m
Again, on differentiating both sides of Eq. (i)
w.r.t.6, we get
2
:—ei =a (sec® x sec’ @ + tan O x sec 6 tan 6)
—b [cosec 8 (~ cosec? 6)

) + cot 6 (— cosec cot 6)]
= a sec® (sec? 0 + tan® 0)
+ b cosec 8 (cosec? 8+ cot? 6)
3 A
For0<0< 1—; all trigonometric ratios are positive.

m
Also,a>0and b> 0.

2
—— is positive. : (1/2)
de? p

=1 1is least when tanf = (2);
a

,.b‘b
o X
3

d OF
.

*. Least value of,
" l=asecO+ b cosec®

@ [T
=a 1/3 +b 1/3
a . b

= a3 + B3 @3 4 ¥ = (a2 4 B2 g

1/3
[..- inAEFG'tan0=b_/?;SCC0= a2/3 + b2/3

a a3
and 2/3 2/3
Cosec®=V9 "+ b
g 077
T bl/3

Hence Proveq



19. Let ABCD be the given trapezium in which
AD = BC =CD =10cm.

Let AP = xcm
AAPD = ABQC
QB = xcm m
D<«—10cm—-¢
@ - X 7
\00 X 007
e =

A«—xcm—-p —10cmM—>Q <« xcm>- B
In AAPD,

DP =10? - x2 [by Pythagoras theorem]
Now, area of trapezium, -

A= 12x (sum of parallel sides) x height

-=-li><(2x+10+ 10) X V100 - x2
= (x +10v100 - x2 ™ (i) m
On differentiating both sides of Eq. (i) w.r.t. x,
we get "
—2x) ho' 2
L =x+10—2)_ 1 Vioo-x
dx 2100 x?
_ =x*=10x+100- x?
V100- x2
2
_ =2’ -10x+100 (i) m
V100- x2
o dA
For maxima or minima, put = =0
—_ 2 —
- 2x“—10x +100 =0
_ V100- x2
= =2(x*+5x-500=0
= =2(x+10)(x=5)=0 .
= x=50r-10 m
Since, x represents distance, so it cannot be
negative.

Therefore, we take x = 5,
On dlffercnnatlng both sides of Eq. (ii) w.r.t. x,

" weget '
Jloo-;g?(~4x-1o)
. —(—Zx2—10x+100)( 2
a’A _| 100 - x2
2
dx - (100-x?)2

[by using quotient rule of derivative]

20.

(100 x)(~4x -10) ]

—(-2x* —10x +100)(-x)
= ) 23/2

100 - x?)
[—400x —1000+ 4x> + 10x2]
+(~2x> —10x* + 100x)
== (100—X2)3/2
_ 2x>—300x —1000 m
100 x})¥2
a xes SAL TP,
dx’ 100- (57"
_ 250-1500-1000 _ -2250 _ .

Thus, area of trapezium is maximum at x = 5and
maximum area is

Aax = (5+101100 - (5 [putx-=\5in Eq. (i)]

=15/100- 25=15/75 75fcm (m
Let P(x, y) be any point on y? —4ax .. (i)

Then, distance between (x, ) and (11a,0) is given
by

D =\/(x—lla)2+ (y-0?% = J(x—lla)2+ y?

=J(x-11a°+ 4ar.,  [from Eq. (i)] m

On dlfferennatmg both sides w.r. t. x, we get
= [2(x-11a)+ 4a]
dx zJ(x ~11a)? + 4ax

m

2 ‘ d_D= 2x - 220 + 4q
dx 2J(x—lla)2+4ax
- dD T x—-9g
ax J(x ~11a?) + 4ax
dD
Put E_O = X-9=0 = x=09g )
NOW, @=i .di).
i\ “ W

=i( . X—=9a
x \/(X~lla)2+4ax
m—(x_ga) 1'[2(X"lld)+4a]
e el
(x=112)% + 44y '




[QJ o T T
dx xX=9 . (9a—lla)2+4ax9a
=3 _ 77 __1

5 =
4a*+36a> o377 0 i

S0, at (X = 9a), D is minimum

Now, ¥y =36a" = y=1+ g

Hence, required points are (94, 62) and (9a,~6a). (1
~—6a). (1)

o1, Letrbe the radius of the base, b
’ e the hei
v be [hz volume, S be the surface area of iilght’
ABC and 6 be the semi-vertical angle S
A a

m

) )
= 3 Tcrzh = 3V = 1tr2h

Then,

>,
= 9v? = n¥r*n? [on squaring both sides]

9y?
= hz = : i
24 (1) (D
and curved surface.drea, S = nrl

= S=mr 1{1-2 + W [wl= 1+ r?]
id s? = n?r¥(r? + h*)[on squaring both sides]-
2
= Sz = nzrz (_9_Y_ + rz) [from Eq_ (l)]
) 2,4
nr
2
5 2= 4w ...ii)
r’ .
When S is least, then s2 is also least. ' 4]
2 e
Now, _d_. (52) = _lﬂ;_ + an’’ ...(iil)
dr ~ r :

d
For maxiima or minima, put T (SZ) =0

Iy
18V + 4n2r3 =0

r3
= 18V? = 4n’r®
= oy? = 2n°r° (V)
Again, on differentiating B (iii) w.r.L. T, we get
& 54v” +121°r* >0

) =—2"

—

dr? r

2 176 2
Atr:(ﬂ‘i_) ,.‘_Lz(sz)> 0

on? dr
S0, §2 or § is minimum, when
y? = 21’9 )

On putting V> = n?r®9 in Eq. (i), we 8¢t

ot = wir'H

wt=h = h=AN2r= g=ﬁ

=
: h
= cot 0=+2 [from the figure, cot 8 =1,
0 =cot™ V2 :
Hence, the semi-vertical angle of the right

circular cone of given volume and least curved
(%

surface area is cot™! V2.
Hence proved

NOTE If square of any area is maximum (or minimum),
then area is also maximum:(or minimum).

22, Letrcmbe the radius of base and / cm be the
height of the cylindrical can. Let its volume be V,

and S be its total surface area.

-

| ¢—>—>

— = P
: ‘m

Then, V =128ncm’ [giv‘in]
= nr*h=128n = h= 12—3 : .!i(i)
r ;

Now, surface area of cylindrical can,

S'=2nr? + 2nrh (id)

_ 128 o

= S =2mnr* + 2mr (—rz—) [using Eq.(i)]. (1)
2, 256 . '

= S=2nr" + » .(1ii)

On differentiating both sides of Eq. (iii) w.r.tr,

we get ~ :
d_S — dgr __2561t
5 2 ()M
For maxima or minima, put as =0
dr
=2 41":2561: = 3 - 256
.2 s T = = 64



| Taking cube root on both sides, we get

| r=(64">= r=4cm 4]
j Again, on differentiating Eq. (iv) w.r.t. r, we get
; 2
d—f =47+ 513"
ars r
‘Atr =4,
2
£=E+4n=8n+4n=12n>0 m
dr?
d’s

Thus, F> Oatr= 4, so the surface area is
r

minimum, when the radius of cylinder is 4 cm.
On putting the value of r in Eq. (i), we get
h= lzhf = 12_8 =8cm

@ 16
Hence, for the n_iinimum surface area of can, the
dimensions of the cylindrical can are r = 4 cm and

h=8cm. m
VIDedo

Let r be the radius, # be the height, V be the
volume and S be the total surface area of a right
circular cylinder which is open at the top. Now,

|- given that v = nr?y

= h=2_ (i)
nr

We know that, total surface area $ is given by
S =2nrh + nr

§ = curved surface area of cylinder
+ area of base]

=  S=2ur (Lz) + Ttr?
nr

[put h= Lz’ from Eq. (i)J
nr

2
= 5=y ()
r .
On differentiating both sides w.r.t. T, we get
das 2V
==—+27nr
dr r?
For maxima « ini av
: a or minima, put = =0
. .
= —%,+27tr=0 = V=r
r
N wrh = nr? X 2
= [V =mnr h]
= h=r : )]
d’s _ d =
so, ——2=—(§ =i l+21tr
ar®  dr\ar dr\ r?

[~ cylinder is open at the top, therefore _

d’s _4V  on : m

r? 1
On putting r = h, we get
[sz:, _4 L on>0ash>0. m
= =
drz r=h h

Then 12£> 0 = Sis minimum.
" dr? . .
'S is mini h = r.i.e. when
ce, S is minimum, when :
llileeir;ht of cylinder is equal to radius of the base. (1)
- Hence proved.

24. Let ABCD be a rectangle having area A-inscribed

2 2 s

(i

in an ellipse —'% + lz- =L (1)
a b

Let the coordinates of A be (a.,B).

AY
(-, B) (o, B)
D_—
PRI R T B e B
> > X
A 0
LAY
. B
. 2p) Gy
. A
Then, the coordinates of B = (o, —)
C=(-a,~B
) Dl’f—:.(-— o, ﬁ) M

~.Area of rectangle, A = Length x Breadth
=20%x2B =A=4af

i o2
= A=4a sz[l —%] M

" (o, B) lies on ellipse

2 g2 '
o’ B ooond
.'.~+~=l,i,e_ = 21a —-o
az bZ B b ( az

= A2 =16a2{b2[“2‘°‘2]}
aZ

[on squaring both sides]

m

On differentiating both sides W.I.L. 0, we get

d(4% 1652 .
da T g @a-d0d)

. - 2
For maxima Or minima, pyt oo

— =0

da,

= 2a%n-493 =



25. Let S be the

= 2a(a’-20%) = 0

= @=0a=— (

V2
Again,

d*(AY) 16>
12 =7(2a2—12a2)

d’A? 16b2 2
(d 2] 2a*-12x L
a® ) _ 2

=—64b*< 0 m
a
= For o = —,Az, i.e. A is maxi
5 mum.

" Then, from Eq. (i), we get

. Greatest area =4-0f = 4. =2ab m

57

i
surface area, V be the volume, # be
the height and r be the radius of base of the right
circular cylmder

We know that Surface area of right circular
cylinder,

S =2nr® + 2nrh (i)
- 2
= h=m Wi
2nr
Also, volume of right circular cylinder is given by
V=mnrh
2
= V = nr? (i—ﬂJ [from Eq. (ii)]
2nr
3
= V= ur_ (1)
2
On differentiating both sides w.r.t. r, we get
av _S- 6nr’ M
dr 2
For maxima or minima, put s =0
r
2
= _S_.—ﬂr_. =0
2
= S =énr’ (M
From Eq. (ii), we get
h= 6mr? - 2nr’
27r
= h=2r

. Height = Diameter of the base : m

26.

Also 4"V d(‘”’):.‘i ____--—S_6m2]
T dr* dr\dr) dr 2

=-6nr<0

~.Vis maximum.

Hence, V is maximum at h = 2r. m
Hence proved.

Let VAB be the cone of base radius r, height #and
radius of base of the inscribed cylinder be x.

A B’

A A
U )
Now, we observe that

AVOB ~ AB'DB = ¥o . 98

BD DB
[--if the triangles are similar, then their sides

are proportional]

h r
: — —
BD r-x
- BD = h(r — x) m

r
Let C be the curved surface area of cylinder. Then,
C =2m (0C) (B'D)
2 -
n’.xh(rr i 27:}1 (x = x?) ()]

On differentiating both sides w.r.t. x, we get
dC _ 2mh

‘=> G=

—=——(r-2x
I r( )
For maxima or minima, put 4c =0
2nh : w
= —(r-2x)=0
: r
= r-2x=0 =>r=2x
r
X = 33
3 m

Hence, radius of cylinder is half of that of cope.

Also, £°C d’c _d [Znh(r - Zx)]
a  dx r
2nth —4nh
=—(=2)=8 - <Vashrsg m

r
~.Cis maximum or greatest.

Hence, Cis greatest at X= f.
- 2 Hence proyeq, m



27. Let the dimensions of the box be X and y. Also, let
V denotes Its volume and § denotes Its total
surface area.

w8 = area of square base J

Now, § = x? 4 4x
y[ + area of the four walls

Given, x? + 4xy = ¢?

2_ 2
= P (1))
4x
Also, volume of the box [s given by
V=xly
2 _ .2
= V=x2(c = J [from Eq. (i)]
4x
2_ 3

On differentiating both sides w.r.t. X, we get

2 2
a _c -3 (1

dx 4
For maxima or minima, putdv/dx =0
2 2
= E—i =0
4
= C? = 3x2
x=C/3 m
v _d (av)_ d (c? - 3x?
Also, — ===
2 ax\dx ) dx 4
_—6x_-3x
. 4 2
2
d—Z <0
dx at x=C/\3
= Vis maximum. m

o, : G
Now, maximum volume at x = — s

xC? - x3

1,2 ¢
4 3/3 63
Hence, the maximum volume of box is
c? c
—— CU units. 1
PN m

Hence proved.

o ht angled triangle
. the sides of rig
28. Letaand bbet

and ¢ be the hypotenusc. )

/1

84____a———>

(172

From AABC, we have 5
2= a’ + b’ kY

o Ny &

1 . =£dq’€2—d2
Area of ABC, (4) =546 =7

(b= -a)

On differentiating both sides w.r.t. 4, we get

1 1 (-2a)
dA 1 2_ 2 -4 - ——
;‘;:E.]. ¢ —a f’:,zlﬁﬁiwz)"fma‘
2
=l Cz_aZ__i__ (n
2 ¢’ —a

_ 2
= —|Jt-a2-_—_%_ _|=0
Je2i—a?
= 22 _ g2 =
2 2 ¢

= ("=2a" =>qg=_"_ ¢
ﬁ :
Now 4A_1| -g a® 'ﬁ.
’ ‘2—— :
a® 2 Jc 2 (2 - a?)¥? ,.:
=_L e —a?4 2
TS = m
2 (C a2)3/2
- 1 CZa ::f
E(Cz—az)3/2<0 )

Hence, the triangle is isosceles. Hence proved.

29, LetC denotes the curveq surface

— (i)




Also, the curved surface area of cone is given by

C = nrl, where I =\ + 12 is the slant height of

cone.

; C=nr\r’+np?

On squaring both sides, we get
=7 (2 4+

=  Cl=nry gy
Let C’=z
Then, Z=n’* + g2 22
T ... (i)
-
= Z = 1'[2 4 2.2 3V
T+ nr (F [from Eq. (i)]
2
2 1%2)
2
= D=xrt ¢ 2L 44

r2

On differentiating both sides w.r.t. r, we get

dz 23 18V2
= an’r® - > W/2)
For maxima or minima, put a“._ 0
dr
2 2
= 4n2r3 ’k 18V <0 = 432 3_ 18V
3 3
r P
1 5 1
= 4n%r8.=18 (— nrzh) [ =i nrzh]
3
= anré=18x 1 5" n’r*n?
= 4n?rS = 2n’r*n?
= 2rP =1
h=+2r
Hence, height = +/2 x (radius of base) (1%)
2, 2
Also, 42_4 (EZ_) LY PEEA . -
drr  dr\dr) dr r
2
~12n?r? + 22
)
2 2
d Z —l2n? + 22 54V >0
ar?

=Z is minimum => C is minimum.
Hence, curved surface area is least, when h=42r.

Hence proved. (13)

NOTE 1fc2js maximum/minimum, then Cis also

maximum/minimum.

30. Let ABCD be the rectangle which is surmounted
by an equilateral AEDC.

E
Y/ \Y
/4——)’—>\

Q

Pt—>—

Now, givén that
Perimeter of window =12 m
= 2x+ 2y+ y=12
x=6—§y (i) ™

Let A denotes the combined area of the window.

Then, A=area of rectangle
+ area of equilateral triangle’

= A= xy+—y2 |
5 :
= A=yl6-=y|+— 1
( zy) 2y M
-e 3 3
[. x= 6—§yfromEq. (1)]
= A=6y—z'y2+£y2.
2 -4
On differentiating both sides w.r.t. y, we get
dA 3
—=6-3y+ —
dy ' 2 q ™
For maxima or minima, putg =0
- J3
= 6— 3y+—y 0

- (]

= y= (1/2)
d’A d(dA d
»  dy dy] Ayl TS )
= - +i§_
2
=_6+J§<0
2
<. A Is maximum. ®



)
Now, on putting y = A g, (1), we et
63

el (02 )L, L3063
reo 2 ()~\/7 o (!~JJ

G “‘:("/! (1)
6~ Ji
Hence the arca of the window Is largest when the
dimensions of the window are

18 - 63 12
V= e and - (172)
e .

31. Let ABCD be the rectangle which Is inscribed in a
fixed drcle whose centre is 0 and radius b. Let
AB = 2 and BC = 2y,

90 :

A/b 1}’ 'gfb 10 1

A 4—x—+P<—x—> B

In right angled AOPA, by Pythagoras theorem,
we hatle

AP? +0P? = 042
= x% + y? = b2
sy i = p? - 52
=2y y= /bz_xz

Let A be the area of rectangle.
A=(2x) (2))
/[ area of rectangle = length x breadth]
= t=4xy

= A=4xb* - x* [ y=yb? - X*]
On di‘ferentiating both sides w.r.t. x, we get
dA d [(7_ 2 2_ 2. d
4x - — Ab° = x° 4+ |b° - x° - = (4x
— b v —- (4x)

[by using product rule of derivative]

=4x-——-:-2£——-—+\/b2—x2-4

2.Jb% - x?

...(i) M

/

RIE B

4’-b2—x2—x2
i ,bZ_XZ
sz-az]
(§)]

(Vb2 - X

U
&R
u

Por maxima or minima, put Jx

A _ o

R
4 b IM” = ()
\//1’ - X"

pt - 2x? = ) = 2% = b

b 12
=y X = Ji (1/2)
[w x capnot be negative)
Al ) dZA d (d/l ' = -_‘!‘ ﬂé::;rmri!'
=R o o e
/
o A4 -2y b - 27
dx*  dx
2
= YA _4laxp?-xH""
X2
+ (bZ _ sz)(— l) (bz _'XZ)—3.’2 (_Zx)]
N2 10 SILZ6L6 16
[ by using product ru'e of derivative]
2 2 4.2
o LA_ L -ax L x(b -2 m
A2 Jbz — 2 BE-x)7?

, b
On putting x = ,we get
v,

Hence, area of rectangle j
2x =2y, j.e. when rectang

4
=4 N2 +0
bZ
: 2
d’A
F=_l6<0
24
—5<0.50, A is maximum at x=i m

5

b
X=y=
’ Ji=>2x=2}'=1f—27

S Maximum, whep,
le is o square, (172)

Hence proveq,



32.

33.

Let x and y be the lengths of two sides of a
rectangle. Again, let P denotes its perimeter and 4
be the area of rectangle.

Then, P=2(x+}y) m
[ perimeter of rectangle = 2 (/ + b)]
= P=2x+ 2y
P-2
= y= (1)
2

We know that, area of rectangle is given by

A=xy
= A=x(P -22x) [ by using Eq. (i)]

2

= A= PX‘TZ" W
On differentiating both sides w.r.t. x, we get |

dA _P-4x [1]

dx 2
For maxima orminima, put % =0
= P=4X_0 = p=ax
=» 2x + 2y =4x [+P=2x+2y]
= X=y '
So, the rectangle is a square. m

2
Also, ‘_i__A; =1(P—4X)
dx* dx\ 2
a-2l2240
2 _

= Ais maximum. .

Hence, area is maximum, when rectangle is a
square. Hence proved. (1)
Let x and y be the lengths of sides of a rectangle.
Again, let A denotes its area and P be the
perimeter. '

Now, area of rectangle, A = xy

= y= A, (1) (M
X
And P=2(x+})
[ perimeter of rectangle = 2(! + b)]
= p= z(x + é)
: X

A [ y=2, from Eq (i)] m
X

On differentiating both sides w.r.t. x, we get

i_’f...z(laf;) m
dx - X

34.
35.

For maxima or minima, put T =0.

= 2(1-%):0 = 1=4 (m
x x
= A=x?
s xy = x* [+A=x]
| x=Yy 4))
o, $5-2l{-5)]-2(3)- >0

Here, x and A being the side and area of rectangle
can never be negative. So, P is minimum.

Hence, perimeter of rectangle is minimum, when

rectangle is a square. m
Hence proved.

Do same as Q. No. 12.

First, consider any point on the curve, use the
formula of distance between two points. Then,
square both sides and eliminate one variable with
the help of given equation. Further, apply concept
of maxima and minima to find the required point.

The given equation of curve is y? = 2x aix;ld the
given point is Q (1, 4).

Let P(x, y) be any point on the curve. m
Now, distance between points P and Qis given by
PQ=4(1- x)? +(4- y)?
using distance f?nnula,
[d =J(x2 - x)?+ (v, - }’1)2]
=  PQ=ql+x’—2x+16+ y? - 8y

= Jx + V- -2 -8y+17
On squarmg both sides, we get
PQ=x+y —2x-8y+17

2 2
= PQZ:(y—] +y2-2(y—)—8y+'17
2 2
$ % 2 yz
given, y"=2x = x=-—2-
y*
© o PEElayoyioger

4
= Yo —8ya1?
PQ =2 =By 4 Cm



36.

Let PQ*=2Z
4

y

Then, Z= 14— -8y +17

On differentiating both sides w.r.t. y, we get

)
2. Y _g_y_g m
dy 4
. : . dz
Or maxima or minima, put -‘7- =0
ly
3 3
= y —-8=0 = y°’=38
= y=2 m
d’z _ d
Also, 2= (y3-8) =32
Pl

On putting y = 2, we get

2
(d—f) =3(2) =12>0
dy a2

2
d_Z >0
dy?
~.Z is minimum and therefore PQ is also
minimum as Z = PQ>. 4)]

On putting y = 2in the given equation, i.e.
¥? = 2x, we get

(9% =2
= | 4 =2
= A xX=2
(
Hence, the point which is at a minimum distance
from point (1, 4) is P (2, 2). 1)

First, find length of circular part (or its
circumference) and calculate the length of square
part (or its perimeter). Add these two terms and
equate it to 28 m and apply second derivative test

to check minimum.

Let x m be the side of the square and r be the
radius of circular part. Then,
Length of square part = perimeter of square
=4 x Side =4x
and'length of circular part
C = circumference of circle = 2nr

Given, length of wire = 28

= 4x + 2nr = 28
= x4+ nr=14
x.=l4';1tf .(i) )

Let A denotes the combined area of circle and

square, ;
2

Then, A=mr+ X 2
D) 14 = nr

= N=Tr + |

v x=42" from Bg, (i)]
2
On differentiating both sides w.r.t. 7, we get
4-nr (_ n J
2 2

2"
=2m_(14n;r ] m

f{ﬁ=2nr+ 2(1
dr .

. dA
For maxima or minima, put _r =

2
-TTr
= 21[,'—[.1}1[_:2__.—):0

1471 — n’r
=y nr=———
142
T+ 4
2
AlsO, d_ézi(ﬁ)
r2  dr \dr
d 147 — i
=—|2nr— | —m———_
dr 2
2 2750 -
= d—f—2n+ 1!_>0
dr
Th d*A . o
us, F> 0= Ais minimum. m
r
Now, on putting r = in Eq. (i
= q. (i), we get
14-1:( 14 )
s T+ 4
2
=l41r+56—l41t_ 28
282(1t+4) T+ 4
X = and r=_14 m
T+ 4 T+ 4

Now, length of circular part

+4 w44
and lenglh of square part = 4x =4x£i= 112
T+4 gn4+4
m

which are the required length of two pieces




37. Do same as Q. No. 6.
38. Given equation of ellipse is
£ + y_=
25 16
Here,a =5,b=4
g a>b
So, major axis is along X-axis.

Let ABTC be the isosceles triangle which is
inscribed in the ellipse and 0D = x, BC = 2y and
TD =5- x.

Y

A

0.4 g,y

X / DIONS
A5, m& T(5,0)
X,

Y
y!

Let A denotes the area of tnangle Then, we have
A =5xbasexhelght Ex BC x TD

1

= A=§-2y(5—x)=>A=y(5—X) m
On squaring both sides, we get
AP =2 (5-x)?2 5 ...(i)
2 2
Now, L A
25 16
2 2
16 25
2_16 2
= =—(25- x’)
d 25

On putting value of y* in Eq. (i), we get
42 =18 25_ 3 (5- »?
25

Let A*=1Z

Then, Z= 1295 (25- x%) (5- x° (1.

On differentiating both sides w.r.t. x, we get
5 ((25- 125~ 1)+ (5= 2* (-20)

dx

[by using product rule of derlvatlve]

=16 o)y (5-x%@x+5)
25

= _'3_3(5—x)2(2x+ 5) n m
25

= Z is maximum.

d
For maxima or minima, put o =0

5
=>——(5 2 (2x+5=0 = x= Sor--i

Now, whcn x =5 then .
7=16 (25-25)(5-5)*= 0
25

which is not possible.
So, x = 5is rejected.
m

5
x=-=
2

2z d(dz =i[_§3(s-x)2(2x+5)]
N‘””"ﬁ‘&(dx) x| 25

=_3_2[(5— x)2-2—(2x+ 5) 2(5- x)]
25

= 64 — - :Bz 5—Xx
__5(5 x) (—3x) T ( )

7
— Z
At X=_5_, d_,z_ <0
2 ) __s

m

S5
~.Area A is maximum, when x = _5 and y=12

2
Z;Azgg‘ 25—-2—5)[5"" —5]
. 25 4 2

=16, 75,225 5 555
25 4 4

. The maximum area, A = /3 x 225
=15/3squnits (1)

Clearly,

NOTE If AZis maximum/minimum, then A is also

maximum/minimum.

39. Let V be the volume, S be the total surface area of

a right circular cylinder which is open at the top.
Again, let r be the radius of base and & be the
height.

Now, S = 2nrh + nr? [ cylinder is open at top]

S - nr?
= h= 3 (1) [
- (i) M
Also, volume of cylinder is given by
V = nr’h
S — 2
= V=nr? [i-) [using Eq. (i)]
» 2nr
: _es A
2



On differentiating both sides w.r.t. r, we get
v _ S -3m?
dar 2

m

. ‘. av
For maxima or minima, put T =

538 0 & se3pe?
2
= 2nrh + nr? = 3nr2 [from Eq. (i)]

= h=r m
~.Height of cylinder = Radius of the base

Also,ﬂ:i(ﬂ):i S-‘Mf'z =—_‘£
' dr\dr) ar 2 2
=-3nr<0asr>0 )

2

Thus, ‘;—Z < 0=V is maximum.
r

Hence, volume of cylinder is maximum, when its
height is equal to radius of the base. m

Hence proved.

%
Objective Questions
(For CompleteChapter)

@ 1 Mark Questions

1. A sphere increases its volume at the rate
of mem¥ s. The rate at which its surface

area increases, when the radius is 1 cm is
(a) 2m sq cm/s (b) ® sq cm/s
(© S?Tt sq cm/s (d) g sq cm/s

2. If gas is being pumped into a spherical
balloon at the rate of 30 f%/min. Then, the

rate at which the radius increases, when
it reaches the value 15 ft is

1 y 1 5
— — ft/
(a) e ft/min (b) T min
1 ; 1 .
= — ft/
(c) o ft/min @ 95 min

3. The radius of a cylinder is iricreasing at

the rate of 3 m/s and its altitude is
decreasing at the rate of 4 m/s. The rate of

7.

10.

11.

change of volume, when radius is 4 m and
altitude is 6 m, is
(a) 80 ® cu m/s

(c) 80 cu m/s

(b) 144 @ cu m/s
(d) 64 cu m/s

. The length of the longest interval, in

which f(x) = 8 sin x — 4 sin® x is increasing,
1s

n n
@3 ®) 3

Which of the following function is
decreasing on (0, n/2) ?

(@)sin2x (b) cos 3x

(c) tan x (d) cos 2 x

(© %’3 (GRS

. For what Qalues of x, function

f(x) = x* — 42 + 4x® + 40 is monotonic

decreasing?
(@)0<x<1 b)l<x<2
(©2<x<3 (d4<x<b

If y = 2x® — 2x? + 3x - 5, then for x =.2 and

A x=0.1, value of Ay is
(a) 2.002 (b) 1.9
(0 (d) 0.9

. If the error committed in measuring the

radius of the circle is 0.05%, then the

corresponding error in calculating the
area is

(2) 005%
(c) 0.25%

(b) 00025%
() 0.1%

. The slope of the normal to the curve

3’=x2—?at(‘—1,0)is

L 1
@7 ® -2
© 4 @-4

The point of the parabolg y? = 64y which

is nearest to the line 4 =
coordinates AR ks
(8) @, -24) () (1,81

(c) @,-16) d) - (- 9). -24)

The mini 1
Th mlxmmum radius vecto

rOfthecurve
:5+-y-5=1ia?flength
(a)a-b
& uatush M a+d

(d) None of thege



12. The condition that f(x)= ax® + ba iéx + d
has no extreme value is

(a) b% > 3ac () b%=4ac
(c) b%=3ac (d) b% < 3ac
13. The maximum value of xe™ * 1s
@)e (b) 1/e
(c)—e (d)-1/e

14. The least value of the function
f(x)=ax+ blx,a> 0,
b>0,x>0i1s

(@)vab  (b) 2\/% (© 2‘/5 (d) 2Vab

(7 Solutions

1. (a) Let volume of sphere, V = % nr’

o A G2
dt dt
= n= 41tr2 -‘t [‘_‘ﬂ = n]
dt dt
= ﬂ =_l_ (I)
dr  ar?
Now, — = < (@nr})=4n (r ﬂ)
dt dt
(d_S) =4rn (21 —) 2rcm
dt r=1 4 -
[from Eq. (i)]
2. (b) Laav=2n = .dl_4nrfﬂ
3 dt at
dr _ 30 1 a/min
dr 4xnx15x15 30w

fdb

[ 7 =30,r= 15]

3. (a) Let hand r be the height and radius of
cylinder.
dh

Given that, ﬂ =3m/s, —=-4m/s
dt dt

Let volume of cylinder, V = nr’h

= ﬂ:n[rz-‘-iﬁ+h dr]
dt dt dt
Atr=4m and h=6m,
dV

= w64+ 1441 80ncum/s'
t

4-

5.

7.

(a) Let f(x)=3sin x = 4sin® x =sin 3x
. R R
Since, sin x is increasing in the interval [-— £ -5.]
-Ts 3xs£=-.’fs xsX
2 6 6

2

L

n n
l=l==]==]|=—
Thus, the length of interva [6 ( 5 )] 3

(d) flx)=cos 2x, [(x) =~ 2sin 2x< 0in (0, %)

. T
So, cos 2x is decreasing in (0, -2-}

b) - fix) = x* —4x>+ 4x* + 40
= ['(x)=4x’-12x7+ 8x
For monotonic decreasing, f'(x) <0
= x(4x’-12x+8<0

= x(x*-3x+23<0 = x(x-1)(x-2<0

xe(-o, 00U, 2
(b) We have, y = 2x> —2x* + 3x -5

.41:6

Now, x -4x+ 3

- (d’) =24-8+3=19
d\’ x=2 '

dy)
A » Ax
= (dx x=._2

> Ay=l9x(0.l)=l.9

(4) We know that, area of circle, A = nr?

Taking log on both sides, we get
log A=log ®+ 2log r

%xlOO:ZxAr-xlOO= 2x005=0.1%
r

(a) Given curve is y = x% - 1/x2.

On differentiating both sides w.r.t. x, we get

o A P
dx x3

-

. - dy 2
Atpoint(—1,0, =—=2(-1)+ ——=-4
dx -1’

1

. Slope of normal to the curve = - ——
dy/dx

=2
—4

o |-



Since, it has no extremum value.

10. (a) Given, equation of parabola is y* = 64x  ...(i)
b2 —4ac<0

Since, the point at which the tangent to the curve

is parallel to the line is the nearest point on the = (2h)*-4x3axc<0
e - : : g = 4b* —12ac< 0
On differentiating both sides of Eq. (i), we get - .
b* - 3ac<
2yﬂ=64=§.@.=2:$.3_.2=—2 | =
@ y y 3 = - bP<3ac
i ddend 459 13. (b) Let f(x) = xe™"
11. (b) Given, curve is a_z + b—z =1. o Sl =—-xe" + eX=e" (1—X)
Xy _ - _
i For maxima or minima, put fx)=0
Let radius vector be r. : s =1 [€*>0 V x € R]
. - — — ﬂ = . 4
rP= x4 2 = e (1-x)
Further, f*(x) < 0at x =1
2.2 2 2
a a b . : 2
= r'= rybz +y [ ] + 7 = 1] Therefore, f(x) attains its maxima at x = 1and the

- maximum value is —.
For minimum value of r, e

s N
dy v* - b%? X

= y*=b(a+1b) , = f=a-—=

2 _ 2
3 x‘=afa+d) = r=@+ b* For maxima or minima, put f’(x) =0
= =a+b
. r=4 = x%= E x=% ‘/—E

12. (d) Given, curveis f(x) =ax’ + bx* + ex + d a a
On differentiating w.r.t. x, we get At x = 2, % >0
a .

fix)=3ax*+ 2bx + ¢ T A ‘
So, f(x) attains its minima at x = Jb/a and the

- ’ _ 2 = i
For extremum, f(x) =0 = 3ax” + 2bx+¢=0 ‘minimum value is Z,JE_



