DCAM clusses

5.CONTINUITY AND DIFFERENTIABILITY

Single Correct Answer Type

Which of the following functions is non-differentiable?
a) f(x) = (ex —1)|e?* — 1| inR

-1
b) f(x) = 2_|_1inR
Cfllx=3l-1]x<3
C)f(x)— g[x]—Z,x>3 atx =3

Where [.] represents the greatest integer function
d) f(x) =3(x — 2)1/3 +3inR

sinx

Given that [} _; cos ————and
2" sm( )
( = 1 x T
1—> ZZ_” — xE(O,n)—{E}
flx) = n=1
I 2 T
)

Then Wthh one of the following is true?
a) f(x) has non-removable discontinuity of finite type at x = %

b) f(x) has removable discontinuity at x = g
c) f(x) is continuous at x = %
d) f (x) has non-removable discontinuity of infinite type at x = %

If f(x) = {x?} — ({x})?, where {x} denotes the fractional part of x, then

a) f(x) is continuous at x = —2 but notat x = 2

b) f(x) is continuous at x = 2 but notat x = —2

) f(x)is continuous at x = 2 and atx = —2

d) f(x) is discontinuous at x = —2 and atx = 2

The function f(x) = |12 sgn 2x| + 2 has

a) Jump discontinuity b) Removal discontinuity

c) Infinite discontinuity d) No discontinuity at x = 0

f(x) = lim,,_, o, sin?"(mx) + [x + %] where [.] denotes the greatest integer function is

a) Continuous at x = 1 but discontinuous at x = 3/2

b) Continuousatx = 1and x = 3/2

c) Discontinuous atx = 1and x = 3/2

d) Discontinuous at x = 1 but continuous at x = 3/2

If f(x) = alsinx| + be!*! + c|x|? is differentiable at x = 0, then

aJa=b=c=0 b)a=0,b=0,c€R c)b=c=0,a€Rr d)c=0,a=0b€ER
The function f(x) defined by

Fx) = {log(4x_3)(x2 —2x + 5); <x<1landx>1
4, x=1
a) Is continuous at x = 1
b) Is discontinuous at x = 1 since f(1%) does not exists though f(17) exists
c) Is discontinuous at x = 1 since f(17) does not exist though f(1%) exists
d) Is discontinuous at x = 1 since neither f(1%) nor f(17) exists
x+2,x<0

If f(x) = {—xz — 2,0 < x < 1, then the number of points of discontinuity of |f (x)] is
xx=1
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a) 1l b) 2 c)3 d) None of these
The set of all points, where f(x) = 3/x2|x| — |x| — 1 is not differentiable, is

a) {0} b) {—1,0,1} c) {0,1} d) None of these
For a real number y, let [y] denotes the greatest integer less than or equal to y. Then the function
f(x) _ tan(w[x—m]) is

1+[x]?
a) Discontinuous at some x
b) Continuous at all x, but the derivative f'(x) does not exist for some x
c) f'(x) exists for all x, but the derivative f'(x,) does not exist second for some x
d) f'(x) exists for all x
f(x) = [x?] — {x}?, where [.] and {.} denote the greatest integer function and the fractional part,
respectively, is

a) Continuousatx =1,-1 b) Continuous atx = —1 butnotatx =1
c) Continuous at x = —1 butnotatx = —1 d) Discontinuousatx = land x = —1
If f(x) = cosm (|x| + [x]), (where [.] denotes the greatest integral function), then which is not true?
a) Continuous atx = 1/2 b) Continuous atx = 0
c) Differentiable in (—1, 0) d) Differentiable in (0, 1)
If f(x) = {CS(;Z;C'_ I — 1| ’9;<200 then g(x) = f(|x|) is non-differentiable for
a) No value of x b) Exactly one value of x
c) Exactly three values of x d) None of these
e 1/* x>0 :
If f(x)={0' xso,thenf(x) is
a) Differentiable atx = 0 b) Continuous but not differentiable at x = 0
c¢) Discontinuous atx = 0 d) None of these
The function f(x) = [x]? — [x?] (where [y] is the greatest integer less than or equal to y), is discontinuous
at
a) All integers b) All integers except 0 and 1
c) All integers except 0 d) All integers except 1
If f(x) = sgn(sin? x — sinx — 1) has exactly four points of discontinuity for x € (0,nm),n € N, then
a) Minimum value of nis 5 b) Maximum value of nis 6
c) There are exactly two possible values of n d) None of these
If f(2 +x) = f(—x) for all x € R, then differentiability at x = 4 implies differentiability at
a)x=1 b)x =-1 c)x=-2 d) Cannot say anything
The left-hand derivatives of f (x) = [x]sin(mx) at x = k, k an integer, is
a) (—D*(k - Dn b) (—D* 1k — Dm c) (—Dkkn d) (—D*Ykn

Which of the following is true about

((x—2) <x2—1> %2
ﬂm=!%‘” SRS
Ikg; x=2

a) f(x) is continuous at x = 2

b) f(x) has removable discontinuity at x = 2

¢) f(x) has non-removable discontinuity at x = 2

d) Discontinuity at x = 2 can be removed by redefining function at x = 2

f(x) = [sinx] + [cos x], x € [0, 2], where [.] denotes the greatest integer function. The total number of
points, where f(x) is non-differentiable, is equal to

a) 2 b) 3 c)5 d) 4
Let f(x) = ||x| — 1|, then points where f(x) is not differentiable, is/(are)
a)0,+1 b) +1 c)o0 d)1
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The number of values of x € [0, 2] at which f(x) = |x - %| + |x — 1| + tan x is not differentiable at

a)o b) 1 c)3 d) None of these
x—1, x<0

If f(x) = {xz Coxx >0 then

a) f(|x|) is discontinuous at x = 0 b) f(|x]) is differentiable atx = 0

c) |f(x)| is non-differentiable at x = 0, 2 d) |f (x)] is continuous at x = 0

The function defined by f(x) = (—1)["3] ([.] denotes the greatest integer function) satisfies

a) Discontinuous for x = n'/3, where n is any integerb) f(3/2) = 1

o f'x)y=1for-1<x <1 d) None of these

Given that f(x) = xg(x)/|x|,g(0) = g'(0) = 0 and f(x) is continuous at x = 0. Then the value of f'(0)
a) Does not exist b)Is -1 cIs1l d)Is0

The number of points, where the function f(x) = max(|tan x|, cos |x|) is non-differentiable in the interval
(—m,m),is

a) 4 b) 6 c)3 d) 2

If f(x) = {296 ._ [x] + x sin(x — [x]));cx_io 0, where [.] denotes the greatest integer function, then n cannot
be

a) 4 b) 2 c)5 d) 6

Let f: R > R be given by f(x) = 5x,ifx € Q and f(x) = x? + 6 if x € R~Q, then

a) f is continuous at x = 2and x = 3 b) f is continuous at x = 2and x = 3

c) f is continuous at x = 2 butnotatx = 3 d) f is continuous at x = 3 butnotatx = 2

—e* 2 . .
Iff(x) = xe:#,x # 0, is continuous at x = 0, then

Where [x] and {x} denote the greatest integer and fractional part function, respectively

VIO =572 b) [7 (0] = -2 ) (0} = ~05 0 [FONFO) = -15
Let f(x) be a function for all x € R and f(0) = 1. Then g(x) = f(|x|) — |22

,atx =0

a) Is differentiable at x = 0 and its value is 1

b) Is differentiable at x = 0 and its value is 0

c) Is non-differentiable at x = 0 as its graph has sharp turnatx = 0

d) Is non-differentiable at x = 0 as its graph has vertical tangentat x = 0

acin(l
Iff(x) = {x sin (x)' x#0 is continuous but non-differentiable at x = 0, then
0, x=0
a)a € (—1,0) b) a € (0, 2] c) a€ (0,1] d)a€]l1,2)
_( sin2x,0,x <m/6 , .
Let f(x) = {ax +hm/6<x<T If f(x) and f'(x) are continuous, then
1 = 1 1 NEEE d) None of these

aa=1,b=_+_ ba=_,b:_ C =1 = —— —

) z'e P RPTR Ja=1b=7-3

3-— [cot‘1 29{3—_3] ifx >0
fx) = x? is continuous at x = 0, then the value of f(0), (where [x] and {x}
{x%}cos(el/%),ifx < 0

denotes the greatest integer and fractional part functions, respectively)

a)o b) 1 c) -1 d) None of these
The number of points of non-differentiability for f(x) = max{||x| — 1|, 1/2|}is
a) 4 b) 3 c) 2 d)5

2 _ . .
If f(x) = {x ax + 3, s rational is continuous at exactly two points, then the possible values of a are

2 —x, xisirrational
a) (2,) b) (—oo,3) c) (—o0,—1) U (3,0) d) None of these
Let f: R = R be a function defined by f(x) = max{x, x3}. The set of all point where f(x) is NOT
differentiable is
a) {—1,1} b) {—1, 0} c) {0,1} d){-1,0,1}
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A point where function f(x) is not continuous where f(x) = [sin[x]] in (0, 2m); [.] denotes the greatest

integer < x is

a) (3,0) b) (2,0) c) (1,0) d) None of these
Let [+] denotes the greatest integer function and f(x) = [tan? x], then

a) lim,_,o f(x) does not exist b) f(x) is continuous at x = 0

c) f(x) is not differentiable at x = 0 d) f()=1

A function f(x) is defined as

mgin L

fx) = {x smx,xfi 0,m € N. The least value of m for which f’(x) is continuous at x = 0 is
0, if x=0

a)l b) 2 c)3 d) None

. 3%¥—1)2 . . .
The function f(x) = m x # 0, is continuous at x = 0. Then the value of f(0) is
a) 2log, 3 b) (log, 3)? c) log, 6 d) None of these
The function f(x) = (x? — 1)|x? — 3x + 2| + cos(|x|) is NOT differentiable at
a) —1 b) 0 1 d) 2

A function f (x) is defined as
sin x, x is rational
fe =1

.. . is continuous at
cos x, x is irrational

a)x=nw+n/4nel b)x=nr+n/8nel x=nn+n/6,n€El d)x=nr+mn/3,nel

fx) = { e Y 7 0 then f(x) is

1, x=0
a) Continuous but non-differentiable at x = 0 b) Differentiable atx = 0
c¢) Discontinuous at x = 0 d) None of these

If both f(x) and g(x) are differentiable functions at x = x, then the function defined as h(x)= maximum

{f (), g()}:

a) Is always differentiable at x = x

b) Is never differentiable at x = x,

c) Is differentiable at x = x, provided f(x) # g(xg)
d) Cannot be differentiable at x = x; if f (xy) = g(xo)

1-VI—x%if—-1<x<1

Letf(x) = 1+ logi, ifx>1 18

a) Continuous and differentiable at x = 1 b) Continuous but not differentiable at x = 1
c) Neither continuous nor differentiable at x = 1 d) None of these

The function f(x) = sin~(cos x) is

a) Not differentiable at x = % b) Differentiable at 32—”

c) Differentiableatx = 0 d) Differentiable at x = 2x

Which of the following statement is always true? ([.] represents the greatest integer function)

a) If f(x) is discontinuous, then |f(x)| is discontinuous

b) If f(x) is discontinuous, then f(|x|) is discontinuous

c) f(x) = [g(x)] is discontinuous when g(x) is an integer

d) None of these

If f(x) = {xzaizajc_ i’ ;C fi 1 is differentiable at x = 1, then

aJa=1b=1 b)a=1b=0 da=2b=0 da=2b=1
If f(x) = x3 sgn x, then

a) f is derivableatx = 0 b) f is continuous but not derivable at x = 0

c) LHD.atx =0is 1 d)RHD.atx =0is 1

1
Let f(x) = {g(x) cos, X # O, where g(x) is an even function differentiable at x = 0, passing through the

, x=0
origin. The f'(0)
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a) Isequalto 1 b) Isequalto 0 c) Isequal to 2 d) Does not exist

The function f(x) = po x3 is
a) Discontinuous at only one point b) Discontinuous exactly at two points
c) Discontinuous exactly at three points d) None of these

If f(x) = L ,(x # m/4),is continuous at x = 7 /4, then the value off( ) is
a) 1 b) 1/2 c) 1/3 d) -1

The function f(x) = [x] cos ( aim )n where [.] denotes the greatest integer function, is discontinuous at

a) All x b) All integer points

c) Nox d) x which is not an integer

Let f(x) = lim,,_,, (sin x)?", then which of the following is not true?

a) Discontinuous at infinite number of points b) Discontinuous at x = g

c) Discontinuous at x = —g d) None of these

Let a function f (x) be defined by f(x) = x_|x_1|, then which of the following is not true
a) Discontinuous atx = 0 b) Discontinuous at x = 1

c) Not differentiable atx = 0 d) Not differentiable atx = 1

The function f(x) = sin(log.|x|), x # 0,and 1ifx = 0
a) Is continuous at x = 0
b) Has removable discontinuity at x = 0
¢) Has jump of discontinuity at x = 0
d) Has oscillating discontinuity at x = 0
Number of points where the function
1+[cos—] 1<x<2
f)=9 1= (x}, 0<x<1 and f(1) = 0 is continuous but non-differentiable is/are (where [-] and
[sinx|,-1<x<0
{-} represent greatest integer and fractional part function, respectively)

a)o b) 1 c) 2 d) None of these
If f(x) = |1 — x|, then the points where sin~1(f|x|) is non-differentiable are
a) {0, 1} b) {0, —1} c) {0,1,—-1} d) None of these

2 1/x_,—1/x

f(x) ={ x (m) ,x # 0. Then
0, x=0

a) f(x) is discontinuous at x = 0

b) f(x) is continuous but non-differentiable at x = 0

c) f(x) is differentiable atx = 0

d) f'(0) =2
Gt
fx) = {xe * 1, x # 0, The value of a, such that f(x) is differentiable at x = 0, is equal to
a, x=0
a)l b) -1 o d) None of these

1

Lety = f(x) = e ~«* if x # 0. Then which of the following can best represent the graph of y = f(x)?
ifx=0

4x2|0<x<1
If
fe) = [2 2x], 1<x<?2

Discuss the continuity and differentiability of f(x) in [0, 2)

where [.] denotes the greatest integer function, then f(x) is
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a) Differentiable for all x b) Continuousatx =1
c) f(x) is non-differentiable at x = 1 d) None of these

Iff(x) = (x2 — 4)|x3 — 6x2 + 11x — 6] + —

o then the set of point at which the function f(x) is not
differentiable is
a){-2,2,1,3} b) {—2,0,3} c) {—2,2,0} d) {1,3}
f(x) = {x}?> — {x?}({.} denotes the fractional part function)
a) f(x) is discontinuous at infinite number of integers but not all integers
b) f(x) is discontinuous at finite number of integers
c) f(x)is discontinuous at all integers
d) f (x) is continuous at all integers
Iff(x) = { e, x> 0 is differentiable at x = 0, then
ax+b,x<0
aJa=1b=-1 b)Ja=-1,b=1 cda=1b=1 da=-1,b=-1
. ) gx),x<0
Let g(x) be a polynomial of degree one and f(x) be defined by f(x) = {|X|Sinx, ‘>0

satisfying f'(1) = f(—1), then g(x) is

If f(x) is continuous

a)(1+sinl)x+1 b) (1 —sin1)x+1 c)(1—-sinl)x—1 d)(1+sin)x—-1
If f(x)= iz:?—i:ig for x # 5 is continuous at x = 5, then the value of f(5) is
a) 0 b) 5 c) 10 d) 25

0, xez
Let f(x) = [x] and g(x) = {xz, YER—Z
integer function)
a) lim,_ g(x) exists but g(x) is not continuous at x = 1

b) lirqf(x) does not exist and f(x) is not continuous at x = 1
x—

Then which of the following is not true ([.] represents greatest

c) gof is a discontinuous function

d) fog is a discontinuous function
Letg(x) = %; 0 < x < 2,mand n are integers, m # 0,n > 0, and let p be the left hand derivative
of [x — 1] atx = 1.Iflim,_+ g(x) = p, then
ajn=1m=1 bjn=1m=-1 gn=2m=2 dn>2m=n
. 2 >

Let £ (x) :{ mm({x,a; Dx=>0

max{2x,x* —1}x < 0
a) f(x) is continuous atx = 0 b) f(x) is not differentiable at x = 1
¢) f(x)is not differentiable at exactly three point d) None of these

. Then which of the following is not true

n?

Let f be a continuous function on R such that f(1/4n) = (sin e")e‘"2 t = Then the value of £ (0) is

a)l b) 1/2 o d) None of these
f(x) = max{x/n,|sinmx |},n € N has maximum points of non-differentiability for x € (0,4), thenn
cannot be

a) 4 b) 2 c)5 d) 6
8¥—4*-2%+1
Iff(x)={ e X0
e*sinx+mx+AIln4, x <0

Is continuous at x = 0. Then the value of 1 is

a) 4log, 2 b) 2 log, 2 c) log, 2 d) None of these
£(x) = lim x=D?"-1

N2 (x-1)2n+1
a) x = O only b) x = 2 only c) x=0and2 d) None of these
(x2+2x+3+sinmx)" -1
(x242x+3+sinTx)"+1’
a) f(x) is continuous and differentiable for all x € R

b) f(x) is continuous but not differentiable for all x € R

is discontinuous at

then

Let f(x) = lim, L
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c) f(x)is discontinuous at infinite number of points
d) f(x) is discontinuous at finite number of points
Which of the following function is not differentiable at x = 1?

a) f(x) = (x* = D|(x — D(x — 2)| b) f(x) = sin(|x — 1|) — |x — 1]
c) f(x) =tan(|x — 1) + |x — 1| d) None of these
If x + 4|y| = 6y, then y as a function of x is
: - : - a _1 d) None of these
a) Continuousatx =0  b) Derivableatx =0 ) x5 for all x

Which of the following functions have finite number of points if discontinuity in R([-] represents greatest

integer function)?

a) tanx b) x[x] c) li—l d) sin[mx]

The function f(x) = {x} sin(z[x]), where [.] denotes the greatest integer function and {.} is the fractional

part function, is discontinuous at

a) All x b) All integer points
c) Nox d) x which is not an integer
—ain—1
The value of f(0), so that the function f(x) = % is continuous at each point in its domain, is equal
to
a) 2 b)1/3 c) 2/3 d)-1/3
Which of the following functions is differentiable at x = 07
a) cos(|x[) + |x| b) cos(|x[) — |x| c) sin(|x[) + |x| d) sin(|x[) — |x|

[cosmx], 0<x <1

2% —3|[x — 2,1 < x < 2 is discontinuous at ([.] denotes the greatest

The number of points f(x) = {

integer function)

a) Two points b) Three points c) Four points d) No points
If f(x) =v1—+v1—x? then f(x)is
Continuous on [—1, 1] and differentiable on Continuous [—1, 1] and differentiable on
a
(-1,1) (-1,0u (0,1)
c) Continuous and differentiable on [—1, 1] d) None of these
1-|x| _
If f(x) = { YT 1, then f([2x]) where [-] represents the greatest integer function is
1, x=-1
a) Discontinuous at x = —1 b) Continuousatx =0
c) Continuous atx = 1/2 d) Continuous atx =1

Let f(x) be defined in the interval [0, 4] such that
1—-x,0<x<1

f(x)={x+2,1<x<2
4—x2<x<4

Then number of points where f(f(x)) is discontinuous is

a)l b) 2 c)3 d) None of these
If f(x) = %}COSM, x # 0 and f(0) = 4 is continuous at x = 0, then the ordered pair (a, b) is
a) (£1,3) b) (1,+3) ) (-1,-3) d) (1,3)
T log(2+x)—x2"sinx

Let f(x) = lim;_,o v . Then
a) f is continuous at x = 1 b) xliglj(x) =log3
) lim f(x) = —sin1 d) lim f(x) does not exist

x—1 x—1

The set of points where x?|x| is thrice differentiable is
a)R b)R —{0,+1} c) R —{0} d) None of these
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x—4

—a| +ax<4
Let f(x) =4 a+b, x =4 .Then f(x) is continuous at x = 4 when,
Ii::l +b,x >4
a)a=0,b=0 bJa=1b=1 ca=-1,b=1 da=1b=-1
Iff(x) = {x3,x22 < 1, then f(x) is differentiable at
x,xc=1
a) (=0, 0) — {1}

b) (=0, ®)~{1 — 1}

¢) (=0, 0)~{1 - 1,0}

d) (=00, 00)~{-1}

If f(x) = [loge x] + /{loge x},x > 1, where [.] and {.} denote the greatest integer function and the
fractional part function, respectively, then

a) f(x) is continuous but non-differentiable at x = e

b) f(x) is differentiable at x = e

c) f(x)is discontinuous atx = e

d) None of these

Multiple Correct Answers Type

sin~tx)?cos(1/x),x # 0
17y = {5 0% os1/),x =
a) f(x) is continuous everywhere in x € (—1,1)

b) f(x) is discontinuous in x € [—1, 1]

c) f(x) is differentiable everywhere in x € (—1,1)

d) f(x) is non-differentiable nowhere in x € [—1, 1]

Which of the following function is thrice differentiable at x = 0?

a) f(x) = |x° b) f(x) = x°|x| c) f(x) = |x|sin®x d) f(x) = x|tan® x|

A function f(x) satisfies the relation f(x + y) = f(x) + f(y) + xy(x + y) Vx,y € R.If f'(0) = —1, then
a) f(x) is a polynomial function

b) f(x) is an exponential function

c) f(x) is twice differentiable for all x € R

4 f'(3) =8
Let f() = [x]and g0 ={ . =57

a) lirr}g(x) exists but g(x) is not continuous at x = 1 ) f(x) is not continuous at x = 1
X

c) gof is continuous for all x d) fog is continuous for all x
Let h(x) = min{x, x?}, for every real number of x, then
a) his continuous for all x
b) h is differentiable for all x
c) h'(x) =1,forallx > 1
d) h is not differentiable at two values of x
1
m.
a) g is onto if f is onto b) gis one-one if f is one-to-one
c) gis continuous if f is continuous d) g is differentiable if f is differentiable
The function f(x) = max{(1 — x), (1 + x),2} ,x € (—o0,0) is
a) Continuous at all points
b) Differentiable at all points
c) Differentiable at all points exceptatx = 1andx = —1
d) Continuous at all points except at x = 1 and x = —1, where it is discontinuous

then

([.] represents greatest integer function). Then

Let f: R = R be any function and g(x) = Then which of following is/are not true
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1,|x| =1

The function f(x) = %,% < x| < n%l,n =2,3,..

0, x=0
a) Is discontinuous at infinite points b) Is continuous everywhere
c) Is discontinuous only at x = %,n € Z —{0} d) None of these

Which of the statement(s) is/are incorrect?

a) If f + gis continuous at x = qa, then f and g are continuousatx = a

b) If lim,_,,(fg) exists, then both lim,._,, f and lim,_,, g exist

c) Discontinuity at x = a = non-existence of limit

d) All functions defined on a closed interval attain a maximum or a minimum value in that interval

.1
xsin—, x #0

Let g(x) = xf (x), where f(x) = { Atx =0
0, x=0
a) g is differentiable but g’ is not continuous b) g is differentiable while f is not
c) Both f and g are differentiable d) g is differentiable and g’ is continuous

Let f(x) = [sin* x], then (where [.] represents the greatest integer function)
a) f(x) is continuous at x = 0

b) f(x) is differentiable at x = 0

c) f(x) is non-differentiable at x = 0

d) f'(0) =1
Which of the following function f has/have a removable discontinuity at the indicated point?
a) _—x2—2x—8 = b)f(x)—x_7 atx =7

flx) = Ty atx =2 =7 =

x3 + 64 3—+x
C = tx =—4 d = =
) f(x) ) atx ) F(x) g atx =9
f (x) is differentiable function and (f(x).g(x)) is differentiable at x = a, then
a) g(x) must be differentiable at x = a b) If g(x) is discontinuous, then f(a) = 0
c) f(a) # 0, then g(x) must be differentiable d) None of these
fx) = {[ﬁ: for f: [0,2) - G, 3], where [.] represents the greatest integer function and {. } represents the
fractional part of x, then which of the following is true
a) f(x) is injective discontinuous function
b) f(x) surjective non-differentiable function
) min (lim £(x), lim £()) = (1)
d) max (x values of point of discontinuity)= f(1)
0,x<0

Let f(x) = {xz,x >0 then for all x
a) f'is differentiable
b) f is differentiable
c) f'is continuous
d) f is continuous
Which of the following is/are true for f(x) = sgn(x) X sinx
a) Discontinuous no where b) An even function
c) f(x) is periodic d) f(x) is differentiable for all x

_(x+ax=a _ {x},x <0
fx) _{Z—x,x <0 and g(x) _{sinx+b,x20

following is/are true (where {x} represents the fractional part function)

a) If b = 1, then a can take any real value b)Ifb < —1,thena+b =1

c) No values of a and b are possible d) There exist finite ordered pairs (a, b)
Let f(x) = sgn(cos 2x — 2 sinx + 3), where sgn (*) is the signum function, then f(x)

and if f(g(x)) is continuous at x = 0 then which of the

a) Is continuous over its domain b) Has a missing point discontinuity
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110.

111.

112.

113.

114.

115.

116.

117.

118.

c) Has isolated point discontinuity d) Irremovable discontinuity
[x —3,x=>1

The function f(x) = {xrz_g,z_x_i_%’x <1 is

a) Continuousatx =1

b) Differentiable at x = 1

c) Continuous at x = 3

d) Differentiable at x = 3

If x + |y| = 2y, then y as a function of x is

a) Defined for all real x b) Continuous at x = 0
¢) Differentiable for all x d) Such that 2 = for x < 0
o Ixl=-3,x<1 _{ 2—lxl,x <2 _ L )
If f(x) = {lx otax>1 and g(x) = sgn(x) — b, x > 2 and h(x) = f(x) + g(x) is discontinuous at

exactly one point then which of the following values of a and b are possible

a)a=-3,b=0 b)a=2b=1 ca=2b=0 da=-3b=1
_(x%(sgnx]) + {x}),0<x <2

RRACY _{sinx+|x—3|, 2<x<4’

part function, respectively

a) f(x) is differentiable at x = 1

b) f(x) is continuous but non-differentiable at x = 1

c) f(x) is non-differentiable at x = 2

d) f(x) is discontinuous at x = 2

where [ ] and { } represents the greatest integer and the fractional

(ex—12+ax,x >0
X
Let f(x) = b, x=0 | then

x
sin®, x<0
X
a) f(x) is continuousatx = 0ifa =—-1,b =%

b) f(x) is discontinuous at x = 0if b # %
c) f(x) has irremovable discontinuity at x = 0 ifa # —1
d) f(x) has removable discontinuity atx = 0ifa = —1,b # %

If f(x) = sgn(x? — ax + 1) has maximum number of points of discontinuity, then
a) a € (2,,) b)a € (—o,—2) c)a€(—272) d) None of these
If f(x) = [|x|], where [.] denotes the greatest integer function, then which of the following is not true?
a) f(x) is continuous Vx € R
b) f(x) is continuous from right and discontinuous from left Vx € N
c) f(x) is continuous from left and discontinuous from right Vx € I
d) f(x) is continuous atx = 0

S5x -4 for0<x <1
The function f(x) ={4x? —3x forl<x < 2is

3x +4forx > 2

a) Continuousatx = land x = 2
b) Continuous at x = 1 but not derivable at x = 2
c) Continuous at x = 2 but not derivable at x = 1
d) Continuous at x = 1 and 2 but not derivableatx = 1 and x = 2
Which of the following function(s) has/have removable discontinuity at x = 1?

2) () = b) o) = 5

xc—1
In |x| x3 -1

I fx) = 277 d) £(x) = —"xl__xm
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(cot3x)/(cot2x)
119. ( ( ) 0 <x <§
fx) = ! b+3 x= g is continuous at x = /2, then
|
| (1 + [cotx|)(@ranxD/b; E <x<m

aJa=0 b)a—2 c)b=-2 d)b=2
120. Let g(x) = x f(x), where

Flx) = {xsin (%),x =0
0, x=0

Atx =0

a) g is differentiable but g’ is not continuous

b) g is differentiable while f is not differentiable

c) Both f and g are differentiable

d) g is differentiable but g’ is continuous
121. The function f(x) = 1 + |sinx | is

a) Continuous nowhere

b) Continuous everywhere

c) Not differentiable atx = 0

d) Not differentiable at infinite number of points
122. Let [x] denotes the greatest integer less than or equal to x. If f(x) = [x sin mx], then f(x) is

a) Continuous atx = 0 b) Continuous in (—1,0)
c) Differentiable atx = 1 d) Differentiable in (—1, 1)
123. The set of all points, where the function f(x) = 1+| i is differentiable is
a) (—0, ) b) [0, ) ¢) (=0,0) U (0, ) d) (0, )

124.1f f(x) = ==, then in [0, n]
a) Both tan( f(x)) and oo are continuous
b) tan(f (x)) is contmuous but f~1(x) is not continuous
c) tan(f~1(x)) and f~!(x) are discontinuous

d) None of these
125. The following functions are continuous on (0, )

* 1
a) tanx b) f tsin—dt
0 t
3 ) T
1, O<x<— xsinx,0 <x <=
4 2
c) d)
2 3 T
25in§x, T<x<7z Esm(ﬂ+x) <x<Tm

126.If f(x) = x + |x| + cos([m?]x) and g(x) = sin x, where [.] denotes the greatest integer function, then
a) f(x) + g(x) is continuous everywhere
b) f(x) + g(x) is differentiable everywhere
c) f(x) X g(x) is differentiable everywhere
d) f(x) x g(x) is continuous but not differentiable at x = 0

127. xlogcosx
Iff(x) = {log(1+x2)'x #0 then
0,0 x=0

a) f(x) is not continuous at x = 0
b) f(x) is continuous at x = 0
c) f(x) is continuous at x = 0 but not differentiable at x = 0
d) f(x) is differentiable at x = 0
128. The function defined as
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[ cos?™x ifx <0
£ = lim I” Vitxm if0<x<1
n—oo

ifx>1

1+x™
Which of the following does not hold good?

a) Continuous at x = 0 but discontinuous atx = 1
b) Continuous at x = 1 but discontinuous atx = 0
c) Continuous bothatx =1landx =0

d) Discontinuous bothatx =1andx =0

If f(x) = sin ln( ::xz), then

a) Domain of f(x)isx € (=3,2)
b) Range of f(x)isy € (—1,1)
c) f(x) is continuous atx = 0
d) The right hand limit of y = (x — 3)f(x) atx = —3 is zero
130. A function f is defined on an interval [a, b]. Which of the following statement(s) is/are incorrect?
a) If f(a) and f(b) have opposite signs, then there must be a point ¢ € (a, b) such that f(c) =0
If f is continuous on [a, b], f(a) < 0 and f(b) > 0, then there must be a point ¢ € (a, b) such that
fle)=0
c If f is continuous on [a, b], then there is a point ¢ in (a, b) such that f(c) = 0, then f(a) and f(b) have
opposite signs
d) If f has no zeros on [a, b], then f(a) and f(b) have the same sign

. t_
3Ly £(x) = limy o, (ST € (0, 6), then

la+sinmx|t+1’
a) If a = 1, then f(x) has 5 points of discontinuity
b) If a = 3, then f(x) has no point of discontinuity
c) If a = 0.5, then f(x) has 6 points of discontinuity
d) If a = 0, then f(x) has 6 points of discontinuity

129.

X

b)

Assertion - Reasoning Type
This section contain(s) 0 questions numbered 132 to 131. Each question contains STATEMENT 1(Assertion)
and STATEMENT 2(Reason). Each question has the 4 choices (a), (b), (c) and (d) out of which ONLY ONE is
correct.

a) Statement 1 is True, Statement 2 is True; Statement 2 is correct explanation for Statement 1
b) Statement 1 is True, Statement 2 is True; Statement 2 is not correct explanation for Statement 1
c) Statement 1 is True, Statement 2 is False
d) Statement 1 is False, Statement 2 is True
132
Statement 1: f(x) = (2x — 5)3/% is non-differentiable at x = 5/2
Statement 2: If the graph of y = f(x) has sharp turn at x = q, then it is non-differentiable
133
Statement 1: The function f(x) = a;e®! + a,|x|% where a,, a, are constants, is differentiable at x = 0

ifa1 =0
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134

135

136

137

138

139

140

141

142

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

e*l is a many-one function

0, if x is rational

1,if x is irrational’ Then

Let f(x) = lim,,_, ¢ {lim,,_,, cos?™(n! mx)}, and g(x) = {

h(x) = f(x) + g(x) is continuous for all x
f(x) and g(x) are discontinuous for all x € R

If f(x) is a continuous function such that f(0) = 1 and f(x) # x,Vx € R, then

f (f(x)) > x

If f:R = R, f(x) is a onto function, then f(x) = 0 has at least one solution

f(x) = |x| sin x is non-differentiable at x = 0

If f(x) is not differentiable and g(x) is differentiable at x = a, then f(x)g(x) can still be
differentiable atx = a

f(x) =tan™?! (12x

—x2

) is non-differentiable at x = +1
- -1 _rr
Principal value of tan™" x are ( ~ 2)
If |f(x)| < |x| forall x € R, then |f(x)]| is continuous at 0

If f(x) is continuous, then |f(x)| is also continuous

If f(x) and g(x) are two differentiable functions Vx € R, then y = max{f (x),g(x)}is
always continuous but not differentiable at the point of intersection of graphs of f(x) and

g()
y = max{f(x),g(x)} is always differentiable in between the two consecutive roots of
f(x) — g(x) = 0 if both the functions f(x) and g(x) are differentiable Vx € R

y = sinx and y = sin~! x, both are differentiable functions

Differentiable of f (x) = differentiability of y = f~1(x)

Both the functions |In x| and In x are both continuous for all x

Continuity of |f (x)| = continuity of f(x)

f(x) = (sinmx)(x — 1)¥/5 is differentiable at x = 1

Product of two differentiable function is always differentiable
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143

Statement 1: The function f(x) = [\/}] is discontinuous for all integral values of x in its domain
(where [x] is the greatest integer < x)
Statement 2: [g(x)] will be discontinuous for all x given by g(x) = k, where k is any integer

144
Statement 1: f(x) = sgn(x? — 2x + 3) is continuous for all x
Statement 2: ax? + bx + ¢ = 0 has no real roots if b2 — 4ac < 0
145
Statement 1: f(x) = ||x2| - 3|x|+2| is not differentiable at 5 points
Statement 2: If the graph of f(x) crosses the x-axis at m distinct points, then g(x) = |f(x)] is always
non-differentiable at least at m distinct points
146

el/x_q
The function f(x) = {el/x+1’x # 0 s discontinuous at x = 0
cosx x=0

Statement 1:

Statement 2: f(0) =1
147 Consider the functions f(x) = x? — 2x and g(x) = —|x|
Statement 1: The composite function F(x) = f(g(x)) is not derivable at x = 0
Statement 2: F'(0") =2and F'(07) = -2
148
Statement 1: f(x) = sgn x is discontinuous at x = 0 = f(x) = |sgn x| is discontinuous at x = 0
Statement 2: Discontinuity of f(x) = discontinuity of |f(x)]

149 Consider [-] and {-} denote the greatest integer function and the fractional part function, respectively

Let f(x) = {(x} +/{x}

Statement 1: f is not differentiable at integral values of x
Statement 2: f is not continuous at integral points
150

Statement 1: f(x) = [sin x] — [cos x] is discontinuous at x = 7/2, where [.] represent the greatest
integer function
Statement 2: If f(x) and g(x) are discontinuous at x = a, then f(x) + g(x) is discontinuous at x = a

151 Let f(x) = x|x| and g(x) = sinx
Statement 1: gof is differentiable at x = 0 and its derivative is continuous at that point
Statement 2: gof is twice differentiableatx = 0

152 Consider the function f(x) = sgn (x — 1) and g(x) = cot™![x — 1], where [-] denotes the greatest integer
function
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153

154

155

156

157

158

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

The function F(x) = f(x), g(x) is discontinuous at x = 1

If f(x) is discontinuous at x = a and g(x) is also discontinuous at x = a, then the product
function f(x)g(x) is discontinuous at x = a

2n
. X1, .
f(x) =limy_ S ls discontinuous at x = 1

If limit of function exists at x = a but not equal to f(a), then f(x) is discontinuous at
x=a

If f(x) is discontinuous at x = e and lim,_,, g(x) = e, then }lcirréf(g(x)) cannot be equal to
f (1ime)
x—-a

If f (x) is continuous at x = e and lim,_,, g(x) = e, then Jlcirr(llf(g(x)) =f (chirrlllg(x))

Consider the function

f(x) = cot™? <sgn (

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

Statement 1:

Statement 2:

[x]
2x—[x]

)), where [-] denotes the greatest integer function
f(x) is discontinuous at x = 1

f (x) is non-differentiable at x = 1

If f'(x) exists then f'(x) is continuous

Every differentiable function is continuous

f(x) = sinx + [x] is discontinuous at x = 0, where [.] denotes the greatest integer
function

If g(x) is continuous and h(x) is discontinuous at x = a, then g(x) + h(x) will necessary
be discontinuous atx = a

f(x) = min{sin x, cos x} is non-differentiable at x = /2

Non-differentiability of max{g(x), h(x)} = non-differentiability of min{g(x) h(x)}

Matrix-Match Type

This section contain(s) 0 question(s). Each question contains Statements given in 2 columns which have to be
matched. Statements (A, B, C, D) in columns I have to be matched with Statements (p, g, 1, s) in columns II.

159. Consider the function f(x) = x? + bx + ¢, where D = b? — 4¢ > 0

A) b<0,c>0

B) ¢c=0b<0

Column-I Column- II

(p) 1

(@ 2
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@© c=0b>0 (r) 3

D) b=0,c<0 (s) 5
CODES:

A B C D
a) p q S r
b) q p r s
c) r S q p
d) S r p q

160 Let f(x) = {536—1;—3;2'75 *0
0, x=0
Column-I Column- II

A y=f(x)is (p) Continuousatx =0
B) y=xf(x)is (q9) Discontinuousatx =0
© y=x%f(x)is (r) Differentiableatx =0
D) y=x"1f(x)is (s) Non-differentiable atx =0
CODES:

A B C D
a) P,s q,s p.q p.,r
b)  pr 9 p,s q
c) q,s p,s p.r q,s
d) p,s b.q q,s p.,r

161.
Column-I Column- II

A)  £(x) = limye cos?™(2mx) + {x + %} where  (p) Continuous
{.} denotes the fractional part function at x = %

B) f(x)=(og.x)(x—DY5atx=1 (q) Discontinuous

© (r) Differentiable

f(x) = [cos 2mx] + {sin n%}, where [.] and
{.} denote the greatest integer and the
fractional part function, respectively at x = 1

cos2x,x € T :
@) fx) = { sinx, x & QQ tx==2 (s) Non-differentiable

CODES:
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162.

163.

a) Qs p.r pr
b) p.r q,s p.s
c) q,s p,s p.r
d) p.q q,s ps
Column-I
A 1 >
A) FOo) = o for|x| =1

ax? + b for x| < 1
everywhere and |k| = a + b, then the value of

k is

(B) If f(x) = sgn(x? — ax + 1) has exactly one
point of discontinuity, then the value of a can

be

(© f(x)=1[2+3|n|sinx],n € N;x € (0,m) has
exactly 11 points of discontinuity, then the

value of n is

M rx) = |||x| -2+ a| has exactly three points

of non-differentiability, then the value of a is

CODES:

A B C
a) P,q p.,r p,s
b) s p.q p.q
c) p,r q, p.q
d) q,s p.r r,s

Column-I
@A) f)=[x’is
B () =/xlis
© f(x)=|sin"tx]is
(D) f(x)=cos™" |x]|is
CODES :

A B C

a) P,qr p.r,s p.r,s

is differentiable

r,s

p.q

p.,r,s

(p)

(@

(s)

(p)
(@)
)
(s)

Column- II
2
-2
1
-1

Column- II
Continuousin (—1,1)

Differentiable in (—1,1)
Differentiable in (0, 1)

Not differentiable at least at one point in
(_1' 1)
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b) p.q p.r.s qr p.r
c) q,r p,s p.r p.I,s

d) b.q S,q p,r q,s

Linked Comprehension Type

This section contain(s) 11 paragraph(s) and based upon each paragraph, multiple choice questions have to be
answered. Each question has atleast 4 choices (a), (b), (c) and (d) out of which ONLY ONE is correct.

Paragraph for Question Nos. 164 to -164
(a(1-x sinx)+b cos x+5
xZ

,x <0

Let f(x =4 3, x = 0, where P(x) is a cubic function and f is continuous at x = 0

{{1 MECH S’

164. The range of function g(x) = 3asinx — b cos x is
a) [-10, 10] b) [-5, 5] ) [-12,12]

Paragraph for Question Nos. 165 to - 165

x+2,0<x<?2
Letf(x):{6—x x>2"

T
1+tanx,0§x<z

g(x): T
3—cotx,ZSx<rr

165. f(g(x)) is
a) Discontinuous at x = /4
b) Differentiable at x = m/4
c) Continuous but non-differentiable at x = /4
d) Differentiable at x = m/4, but derivative is not continuous

Paragraph for Question Nos. 166 to - 166

d) None of these

2n
Consider f(x) = x? + ax + 3and g(x) = x + b and F(x) = lim,,_, W
166. If F(x) is continuous at x = 1, then
a)b=a+3 b)b=a-1 cJa=b-2 d) None of these
Paragraph for Question Nos. 167 to - 167
x],-2<x< .
Let f(x) = 2 41 2 ) and g(x) = f(|x|) + |f (x)|, where [-] represencts greatest integer function
x¢—1,--<x
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167. The number of points where |f (x)| is non-differentiable is
a) 3 b) 4 c) 2 d)5

Paragraph for Question Nos. 168 to - 168

Given the continuous function
x>+ 10x +8,x < -2
y=f(x)=<{ax?*+bx+c,—2<x<0,a#0
x> +2x,x>0
If aline L touches the graph of y = f(x) at three points, then

168. The slope of the line ‘L’ is equal to

a) 1 b) 2 ¢) 4 d) 6
Integer Answer Type
169. f(x) = —————— V x € [1, 3] is non-differentiable at x = k. Then the value of [k?] is (where []

14+(In x)(In x)---c0
represents greatest integer function)
170. Number of points of discontinuity for f(x) = sgn(sinx),x € [0, 4] is

2n, 2m,
171 et f(x) and g(x) be two continuous functions and h(x) = lim,,_, z fgl:in 89 1f limit of h(x) exists at
x = 1, then one root of f(x) — g(x) = 0is
172. Z-1,0<x<1
Let f(x) = 2 1y ) and g(x) = 2x + 1)(x — k) + 3,0 < x co. Then g(f(x)) is continuous at
- 1<x<
2

x = 1if 12k is equal to
173. A differentiable function f satisfying a relation f(x + y) = f(x) + f(¥) + 2xy(x + y) —§ Vx,y € R and

limy,_,q 3f (6}:3_1 = % Then the value of [f(2)] is (Where [x] represents greatest integer function)

tan(tan x)—sin(sinx)

174 1f the function fx) = (x # 0) is continuous at x = 0, then the value of f(0) is

tan x—sinx
x?"1yax?+bx

x21+1
176.1f £ (x) is a continuous function Vx € R and the f(x) € (1,v/30), and g(x) = [%], where [-] denotes the

greatest integer function, is continuous Vx € R, then the least positive integral value of a is

177. Number of points where f(x) = sgn(x? — 3x + 2) + [x — 3], x € [0, 4] is discontinuous is (where []
denotes the greatest integer function)

178'Letg(x)=[a x+1if0<x<3

bx+2if3<x<5
179. Number of points of non-differentiability of function f(x) = max{sin~!|sinx|, cos™!|sinx|}, 0 < x < 2m is
180. [1@ et ge

. Jie%) _ 1 . . . . . 1\ _
Given —f;(l/t)dt =1,Vx,y€ (ez , oo) where f(x) is continuous and differentiable function and f (e) =0.1If

_( eNx=k
gt) = {exz,o <x<k
181. Number of points where f(x) = [x] + [x + 1/3] + [x + 2/3], then (-] denotes the greatest integer

function) is discontinuous for x € (0, 3)

182. The least integer value of p for which f'’(x) is everywhere continuous where

Fx) = {xp sin G) + x|x|,x # 0

0, x=0

175. et f(x) =1lim,_ e .If f(x) is continuous for all x € R, then the value of a + 8b is

,if g(x) is differentiable on (0, 5) then (a + b) equals

; then the value of 'k’ for which f(g(x)) is continuous V x € R* is
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5.CONTINUITY AND DIFFERENTIABILITY

: HINTS AND SOLUTIONS :

1

(d)

fl) = (e* —D]e* — 1]

=(e* —1)|e* —1]|e* + 1]
=(e*+1)(e*—-1)]e* — 1]

Now, both e* + 1 and (e* — 1)|e* — 1] are
differentiable

[as g(x)|g(x)]| is differentiable when g(x) = 0]
Hence, f(x) is differentiable

flx) =22

x2+1
denominator never becomes zero
Hence, f(x) is differentiable

llx—3]—1|,x <3

is rational function is which

f&) = g[x]—Z,xZS

3—x—1,x <3
x
§3—2,3$x<4

_{ [x —2|,x <3
T x—-2,3<x<4
=x—2,x€[2,4)

Hence, f(x) is differentiable at x = 3
9
f0) =30 =2 +3 > f1(0) =2 (x -2V

Which is non-differentiable at x = 2

Here f(x) is continuous and the graph has
vertical tangent at x = 2; however, graph is
smooth in neighbourhood of x = 2

)
. x x x x sinx
(hventhatCOSECOSEECOSEg."COSE;——;;;;zzg
2
ey

Taking logarithm to the base ‘e’ on both sides of
equation (1) and then differentiating w.r.t. x, we
get

1 X 1 X
Z—ntan— = (2_nCOt2_n — COtX)

I cotx,x € (0,m) — {E}
~» We have f(x) ={*

2 4

’ 2
Vs

Clearly lim,_= f(x) = lim G - Cotx) = % =f (E
2 xoT
2

Hence f(x) is continuous at x = g

)

3

(b)

f(2)=0,
fRH={41-{2*=0-0=0
f@H)={43-{27¥=1-1=0
Hence f(x) is continuous at x = 2

f(=2) =0,
f(-2) =@} - (-2*)2=1-0=1
Hence f(x) is discontinuous at x = —2
(a)
4,x>0
f(x) =2|sgn(2x)| + 2 = {Z,x =0
0,x<0

Thus, f(x) has non-removable discontinuity at
x=0

(@)

f(x) = lim (sin?[mx])™ + [x + 1]
n—oco 2

Now g(x) = lim (sin?(mx))" is discontinuous
n—-oco
when sin?(nx) = 1ormx = (2n + 1)% or
__ (2n+1)

2
Thus, g(x) is discontinuous at x = 3/2

Also h(x) = [x + %] is discontinuous at x = 3/2
But f(3/2) = lim (sin?(3m/2))" + E + %] —14+
2=3

3" 1
f(3/2%) = lim (sin*((3m/2)*)" + [(E) +§]

,NEZ

=0+2=2

Hence, f(x) is discontinuous at x = 3/2
Both g(x) and h(x) are continuous at x = 1,
hence, f(x) is continuous at x = 1
(b)
| sinx | and e!*! are not differentiable at x = 0 and
|x3| is differentiable at x = 0
Therefore, for f(x) to be differentiable at x = 0,
We must have a = 0,b = 0 and ¢ can be any real
number
(d)
We have lim,_,1- f(x) = limy_o f(1 — h)

log(4 + h?)

~ 1o0log(1—4h)

. L _ e log(4+h?)
And, lim f(x) = imf(1+R) = lim 0 T = ©

So, f(17) and f(1%) do not exist
(a)
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10

11

12

13

14

x+ 2, x<0
f(x)=4—x?-2,0<x<1
X, x=>1
—x—2,x < -2

x+2,-2<x<0
x2+20<x<1

X, x=1
Discontinuous at x = 1 .. number of points of

~fl =

discount 1

(d)

f@) = VP - x| -1

> x|l—|x|-1=-1
Hence, differentiable for all x
(d)

F) = tan(m[x — m])

1+ [x]?
By definition, [x — 7] is an integer whatever be
the value of x and so m[x — 7] is an integral
multiple of =
Consequently, tan(r[x — ]) = 0, Vx
And since 1 + [x]? # 0 for any x, we conclude that
f)=0
Thus f(x) is constant function and so it is
continuous and differentiable
(d)
f@o) = [x*] — {x}?
fED=1f(-17)=1-1=0
fM=1f1"=1-0=1
fA)=0-1=-1
Thus, f(x) is discontinuousat x = 1, -1
(b)
f(x) = cosm (|x] + [x])
_ {cosn (—x + (—1)), -1<x<0
B cost (x + 0), 0<x<1
_ {—cosnx,—l <x<0

cosmx,0<x <1
Obviously, f(x) is discontinuous at x = 0,
otherwise f(x) is continuous and differentiable in
(=1,0)and (0, 1)

(9
lx] <0
flxh = {cos(x) —|lxl =1, x| =0
= f(|x|) = cos(x) — ||x| - 1|,x ER
[as |x| < 0 is not possible and |x| > 0 is true
V x €R]
Which is non-differentiable at x = 0 and when
x| —1=0o0rx =41
Hence, f(|x|) has exactly three points of non-
differentiability
(@)

Clearly f(x) is continuous at x = 0

sin [x|,

15

16

17

18

19

2
e~1/h"_g

' : . 1/h
Now f'(0%) = }ll_r)l’(l) = }ll_r)rg)el/w
= }lii% #/::/hz (applying L’ Hopital’s rule)
1. h
=2 h gz =0
Also f(07) =0
Thus, f(x) is differentiable at x = 0
(d)

Let k is integer

Q) = 0,f(k = 0) = (k — 1)? — (k? — 1)
=2-2k

fk+0)=k?—-(k?*) =0

If f(x) is continuous at x = k,then2 — 2k = 0

=>k=1

()

f(x) = sgn(sin? x — sinx — 1) is discontinuous

when sin?x —sinx—1=0

. 1+/5 . 1—/5
orsinx =-——orsinx =-——

For exactly four point of discontinuity, n can take
value 4 or 5 as shown in the diagram
]‘ y =sinx

Ol b 2n 31 4n Sw

(@

f@Q+x)=f(—x)

Replace x by x — 1,wehave f(2+x—1) =
f(=x+Dorf(1+x)=f(1-x)

Hence f(x) is symmetrical about line x = 1

Now put x = 2in (1), we get f(4) = f(—2), hence
differentiability at x = 4 implies differentiability
atx - 2

(a)
LHD.atx =k
= limhﬁow (k = integer)
_ |k]sinkmr — [k — h]sin(k — b))
= lim
h—-0 h
—(k — 1) sin(kr — h
_ jig —kZ D sinCkr hm) e = 0]
h—0 h
- —(k—=1D(=1)*sinhm
= lim X T
h—0 hm
= (k= D(-D*
()

o (x=2)(x*-1  (x=2)(x?*-1

L poY <x2 n 1> =G =2 (xz ¥ 1)
x2—-1\ 3

x—-27F <x2 + 1> - g

= lim
(x=2)(x*—-1
x->2" [x = 2] \x2+ 1

= lim
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20

21

22

23

— lim (x—2)<x2—1)=_§
x-2- (2 —x)\x2+1 5

Thus, L.H.L. # R.H.L.

Hence, the function has non-removable

discontinuity at x = 2

(<)

[sin x] is non-differentiable at x = %, 7, 21w and

T 31

[cos x] is non-differentiable at x = 0, 25 2

Thus, f(x) is definitely non-differentiable at
3

X =1, 0

Atso, f(5)=1f(5-0)=0
f@2r)=1,fQ2r—-0)=-1

Thus, f(x) is also non-differentiable at x = % and
2

(@)

Using graphical transformation

.. y‘
(i) y =P - 1

»X

YI
X'
1 l 11
M

(iif) y = [x| - 1|
As, we know the function is not differentiable at6
sharp edges and in figure (iii) y = ||x| — 1| we
have 3 sharp edgesatx = —1,0, 1
~ f(x) is not differentiable at {0, +1}
(9

1] . .
|x — E| is continuous everywhere but not

. . 1 . .
differentiable at x = > [x — 1| is continuous

everywhere but not differentiable at x = 1, and
tan x is continuous in [0, 2] except at x = 2

2

Hence f(x) is not differentiable at x = %, 1,%
(<)

o IxI=1,  |x[ <0
fe) = {lez —2|x|, |x| =0
Where |x| < 0 is not possible thus, neglecting we
get,
flxl) = IxI? = 2|x|,|x| = 0

x2+2x,x<0
= ’ 1

fUxD {xz —2x,x=0 @

24

25

26

, 2x + 2, x<0
=f (lxl):{Zx—Z, x>0
Clearly f(|x|) is continuous at x = 0, but non-
differentiable atx = 0

x| — 1, x| <0
fUxD = {lez —2|x|,|x] =0
1—x, x<0
gx) =|fx)| = {—xz +2x, 0<x<2 (2
x%=2x, x>2

Clearly |f(x)| is discontinuous at x = 0, but
continuous at x = 2

-1, x<0
Also,g’(x)={—2x+2, 0<x<2
2x —2, x> 2

|f (x)| is non-differentiable at x = 0 and x = 2
(@)
fx) = (—1)["3] is discontinuous
Whenx3 =n,n€Z = x =nt/3
3
/)= cor =
Forx € (—=1,0),f(x) = (-1)"t=-1

=>f'(x)=0

Forx €[0,1),f(x) =(-1)°=1
=>f'(x)=0

(d)

f(x)is continuous at x = 0 = lim,_,¢ f(x) = f(0)
= f(0) =limf(0+h) = limM = limg(h)
x—0 h-0 |h| h—0
=g(0)=0
1Y — Tl JO+R)—F(0) _ . R
Now f'(0%) = }ll_r)rg)—h = lim —

~ lim s(h) _ lim g(h) — g(0)
h-0 h h—=0 h
=g'(0)(asg(0)=0)=0

yones v J(O—=h)—1(0)
f1(07) = lim “h

—hg(=h)

=" im g(=h)
—h h—0 h
-mw =—g'(0)=0

—li
h—0 —h

Hence, f'(0) existsand f'(0) = 0

(a)

= lim
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27

28

29

30

y= |tan X| y y= |tan X|

X

'UE:
z\:&y = cos [x

.......................

The functions is not differentiable and continuous
at two points between x = —r/2 and x = /2.
Also the function is not continuous at x = g and

X =— g Hence, at four points, the function is not
differentiable
(d)

f(2*) =2+ 2sin(0) =2

f(27) =3+ 2sin(1)

Hence, f(x) is discontinuous at x = 2

Also f(0t) =2(0)—0—0sin(0 —0) =0

and f(07) =2(0) - (1) —0sin(0 —(—1)) =1
Hence, f(x) is discontinuous at x = 0

()
f(x) is continuous when 5x = x?2 + 6 = x = 2,3
(d)
. x—e*+1—(1-cos2x)
lim 5
x—0 X

o [x—e*+1 (1 —-cos2x)
= lim —

X0 X2 %2

. x+1—<1+x+§> 2 sin2 x _ _
= )lcl_r}(l) = -0z (Using expansion of
eX)
2
= - g; hence for continuous f(0) = —%

Now [£(0)] = =3; {f(0)} = {3} =
Hence, [ (0)]{f(0)} = —g =-15
(b)

gl(0+) — ’llli%f(lhl) - ISil’l hl - f(O)

h

. f(W—f(0) | sinh
- %‘%T_}%T
=1-1=0
vrnes . f=hD) = |sin(=h)| = f(0)
=g'(07) = Jim; —h
= lim AORPAC) + lim sinh
h—-0 —h h—-0
=-14+41=0

31

32

33

34

35

Thus, g(x) is differentiable and g'(0) = 0
(©

s 1o S (B) = f(0)
f1O = fim =
h%sin (1) 1
= 1 h) i pa—1cin (=
= }ll_l’)% - }ll_r)%h sin (h)

This limit will notexistifa—1<0=>a<1
. L acin(l) = n;

Now}cl_r%f(x) = }Cl_r}(l)x sin (x) Oifa>0
Thus, a € (0, 1]
(0)
Clearly, f (x) is continuous for all x except
possiblyatx = /6
For f(x) to be continuous at x = /6, we must
have

li = 1
Jim fe = lim £

= lim sin2x = lim ax+ b

x-1/6 x-1/6
= sin(n/3) = (m/6)a+ b

V3w
=>—=cza+th (D

For f(x) to be differentiable at x = m/6, we must
have LH.D.atx =n/6 =RH.D.atx = /6

= lim 2cos2x = lim a
x-1m/6 x-m/6

=>2cost/3=a=>a=1

Putting a = 1 in equation (1), we get b =
(vV3/2) —m/6

(@)

lim
x—0+

(3 - [cot‘1 inz_ 3]) = (3 = [cot™(—0o0)])
=@ —I[n])

— 1 2 1/
,}L%l_{x }cos(e x)

- (g 67) (g cos(e)
= (0)(cos(e™®)) = 0
Thus f(x) has irremovable discontinuity at x = 0,
hence f(0) does not exist

(d)
y oyl

/

Clearly from the graph, f(x) is non-differentiable
at five points, x = -2,-1,0,1, 2
()

foo = ;% F3

x is rational
x is rational
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36

37

38

39

40

Is continuous when x> —ax +3 =2 —x or
x>—(a—-Dx+1=0

Which must have two distinct roots for
(a—1)?%-4>0
2>@-1-2)(a—1+2)>0

= a € (—o,—1) U (3,)

(d)

¥
From the graph f(x) = max{x,x3} =
X, x < -1
x3,-1<x<0
x, 0<x<1
x3, x=>1
Clearly, f is not differentiable at —1,0 and 1

(d)

For0<x<1,f(x) =[sin0] =0, 1<x<

2,f(x)=[sin1] =0

2<x<3,f(x)=[sin2] =0, 3<x<4,f(x)
=[sin3] =0

4 <x<5 f(x) =[sin4] = -1

Hence, there is discontinuity at point (4, —1)

(b)

0 <tan’x < 1When—%<x <%

(x)=0 7T< <”
—1 = _—— —
flx %%

Hence, f (x) is continuous and differentiable at

x =0,also f'(0) =0

(©

f(0%) = lim

For

m>1h'"(x) =

mx™ 1 sin% —x™Mm=2 cosi,ifx #0
0, ifx=20

Now lim h(x) = lim (mhm‘1 sin= — hm-2 cosl)
h-0 h—0 h h

h™ sin% .
must exist=>m > 1

Limit exists if m > 2
~mEN=>m=3

(b)

Given f(x) is continuous at x = 0

= lim f(x) = £(0)

41

42

43

44

X _ 2
Slim—C =D _

x-0sinx In(1 + x)

3¥-1\2
(d) ' x

f(x) = (x? —1)|x? = 3x + 2| + cos(|x])
=[(x—Dlx—1|] |x — 2| + cosx

(x — 1)|x — 1] and cos x are differentiable for all x
But |x — 2| is non-differentiable at x = 2

Hence, f(x) is non-differentiable at x = 2

(a)

f (x) is continuous at some x where sinx = cos x

= (In 3)?

ortanx =lorx=nn+n/4nel
(c)
f(0+0) = limf(h)

1

. . 1
B T a e e

and £(0 - 0) = limf(—h) = lim —h

h—0 2h2+|—h|
lim——" — Jim =
ho02R2Z + h ho02h+1
(c)

Consider the graph of f(x) = max(sin x, cos x),
which is non-differentiable at x = /4, hence
statement (a) is false

From the graph y = f(x) is differentiable at

x = m/2, hence statement (b) is false
Statement (c) is always true

Statement (d) is false as consider g(x) =
max(x, x?) at x = 0, for which x = x? atx = 0,
but f(x) is differentiable at x = 0
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45

46

48

49

(b)
f=1-J1-12=1
fa) = lim (1 -V1-x%) =1

(1) =1l (1+1 1)—1+1 1—1
f - xl—gl‘ ng - 08 1 a
Hence, f(x) is continuous at x = 1
fA+hn)-fQ)
e+ — 1;
frary = lim n
1
1+log—-—1
1 1+h
= jiny h
_ log(1+h)
R S
i o SA=h) = (1)
f1a7) = Jim "y
S 1-y1—-Q1-h)2-1  VJ2-h
= lim = lim =00
h—0 —h h=0 +/p
Hence, f (x) is non-differentiable at x = 1
(b)
Since both cos x and sin~! x are continuous
function. f(x) = sin~1(cos x) is also a continuous
function. Now
£1(x) —sinx —sinx
X) = = -
V1 —coszx |[sinx]|
Hence, f(x) is non-differentiable at x = nm,n € Z

©
Fe ={

x=1

2 <
Zax thxs1 is differentiable at
x“+ax+bx>1
Then f(x) is continuous at x = 1
>f(1)=fAY)=2a+1=14+a+b=>b=0

, _( Z2ax,x <1
Alsof(x)_{2x+a,x>1
Wemusthave f'(17) = f'(1") =2 2a=2+a=
a=2

(@)
x3,x>0
Wehave f(x) =3 0,x=0
—x3,x<0

Clearly, f(x) is continuous atx = 0

—0) = |L(—y3 — [—242 —
(LHD.atx = 0) = [ £ (—x )]x=0 = [~3x2]4z0 =
0

Similar (R.H.D.at x = 0)=0
So, f(x) is differentiable at x = 0

50

51

52

53

54

55

(b)

g(x) is an even function, then g(x) = g(—x)
=g () =—-g'(-=x) = g'(0) = —-g'(0) = g'(0)
=0

Now f'(0) = limy_,
. g(h) cos(1/h)

= lim ———
h—-0 h

(©

We have f(x) =

g(0+h) cos(1/h)—0
h

= }lirr(l) g’'(0) cos(1/h) =0

4—x?
x(4—x2)
Clearly, there are three points of discontinuity,
viz,, 0,2,—2

(b)

tan(E—x)
fx) = c0t42x , (x # m/4) is continuous at
x=mn/4

= £(3) = limfe

tan (E - x)
4
m —————

cot2x

x—2
4
Now by applying L’ Hopital’s rule,
—sec? (E - x)
2 1

=|lim—2 mMM——~ = —
xli% —2 cosec?(2x) 2
(9
When x is not an integer, both the functions [x]

2x-1 .
and cos (T) 7T are continuous

~ f(x) is continuous on all non-integral points
Forx =nel

I _ i 2x—1
Jlim £ = tim [ cos (=) m
2n—1

=(n—1)cos( 3 )n=0
I _ i 2x—1
Jlim, 9 = i [ cos (=) m

2n—1
=ncos< > )n=0

Also f(n) = ncos(zn%)nz 0

-~ f is continuous at all integral points as well.
Thus, f is continuous everywhere

(d)
o 0,iflx| < 1
2n — !
S]nce llmn—>00 X - {1,1f |x| = 1

o 0,if |sinx| < 1
) _ 2n )
~flx) = J11_{1010(5“1") - {1,if|5inx| =1

Thus, f(x) is continuous at all x, except for those
values of x for which |sinx| = 1,ie, x =
(2k + 1) %,k €z

(b)
We have
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56

57

58

59

x+x—1

x_lx_ll T,x<1,x¢0
f(x)=—x =) x—x-1)
—x2>1
X
2x —1
LX< Lx#0
-, x=>1
X

Clearly, f(x) is discontinuous at x = 0 as it is not
defined at x = 0. Since f(x) is not defined at

x = 0, therefore f(x) cannot be differentiable at
x = 0. Clearly f(x) is continuous at x = 1, but it is
not differentiable at x = 1, because Lf'(1) = 1
andRf'(1) = —1

(d)

We have lim,_,o- f(x) = limy_,( sin(log, | — h|) =
limy,_,q sin(log, h) which does not exist and
oscillates between —1 and 1. Similarly,

lim,,_,+ f(x) lies between —1 and 1

(b)

1+[cosn2—x],1<xs 2
fFO)=9 1-(x}, 0<x<1
[sinmx]|,-1<x<0
1-1, 1<x<2
1-x,0<x<1
—sinmx,—-1<x<0
f (x) is continuous at x = 1 but not differentiable
(9
Given that f(x) = |1 — x|
x—1, x>1
1—x, 0<x<1
SfUD=914%" —1<x<o0
—-x—1, x< -1
Clearly, the domain of sin™1(f|x|) is [-2, 2]
= It is non-differentiable at the points {—1, 0, 1}
(9
Atx =0,
L.HL. = lim,_o_ f(x) = limy_, f(0 — h)

R e~1/h _ p1/h
e S Py ey

o e 2/h _1
= }111_r)r(1) h <—e_2/h T 1)

_0<0—1)_0
T \o+ 1)

RH.L. = xll)r(r)1+f(x) = }ll_r)r(l)f(o + h)
el/h _ e—l/h>

— Tim B2
=limh (el/h+e‘1/h

60

61

ot
and f(0) =0

= L.H.L=RH.L. = f(0)
Hence, f(x) is continuous at x = 0

Also LH.D. = lim £&=R=©
h-0 -h
2 e_l/h_el/h
1 e-1/htel/h
= m——
e~2/h _1
= —limh 0

h—0 W =
and RH.D. = lim £J{&M=S©
h-0 h

5 el/h_g=1/h
= i e/ et/
h—0 —h
1—e"2/h
= —lim h

Hence, f(x) is differentiable at x = 0 and

f'(0)=0
(d)

Clearly, f(x) is continuousatx = 0ifa =0

Now, f'(0+0) = Illirr(l)
he=2/h —0

= Jim —

f'(0-0) = lim

0

—he_(ﬁ+ﬁ) -0

he_(%+%) -0

1,1

=1
—h

Thus, no values of a exists

(©)

Obviously lim, ¢4 e 1% = limy_,_ e~1x* =,
Hence f(x) is continuous at x = 0

—1/h?
£'(0) = lim
. —1/h?
- }zl—r% inz .2
—e / .F

Hence f is differentiable at x = 0. Also

1
lime 2 >1
x—+too

()

= lim —— =
h-0 h_zel/h2

1/h
hl—r}}) el/hz
2h3

Sincel<x<2=20<x-1<1
S>k2-2x]=[(x-1D?-1]=[(x—-1D?*] -1

=0-1=-1
1
!(1—4x2, 0Sx<§
~fx) = 1
f@) 4x% — 1, Zsx<1
-1, 1<x<?2
~ graph of f(x):
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Yy
3_
2_
1
I I X
1/21 o)
1 e—o

It is clear from graph that f(x) is discontinuous at

x = 1 and differentiable at x = %and x=1

(d)

X

T is always differentiable (also at x = 0)

Also (x —2)(x + 2)|(x — 1)(x — 2)(x — 3)| is not
differentiableatx = 1,3

So, f(x) is not differentiable at x = 1,3

()

Hence check continuity at x =k, k € Z

For positive integers

fk) = {k}* —{k?*} =0

fk*) ={k*}? - {(k")?}=0-0

fD) =k -{(k)}=1-1=0

For negative integers,

flk) ={k?}—{k?} =0

f*) ={k*} —{(k")?*}=0-1=-1

fU) =k -{(k)*}=1-0=1

Hence, f(x) is continuous at positive integers and
discontinuous at negative intergers

(0

For f(x) to be continuous at x = 0, we have
f(OO)=f0")>a(0)+b=1=>b=1

fW) = fO) _ . e —b

et — 1;

f1(07) = lim h o R
eh2+h_1 h%+h _

B R L Y (h+1)=1

~f'(07) =a

Hence,a =1

(b)

F(01) = xllr(r)l_'-lxlsinx — plimsinxlog|x|

— elimx_m% — eo =1
f(07)=g(0) =1
Letg(x) =ax+b
>b=1=>gx)=ax+1
For x > 0, f'(x) = eSinxIn(lx [cosx In(|x]) +

sinxx

(Using L’ Hopital rule)

f'(1) = 1[0 +sin1] = sin1

67
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f(-1)=—-a+1=>a=1-sinl
=>gx)=1-sinl)x+1

(a)
( )_xz—bx+25 Lc
1= v 10”
f(x) is continuous at x = 5, only if
. x%—bx+25, . .
lim, 5 10 lS finite

Now x%2 —7x + 10 - Owhenx = 5
Then we must have x? — bx + 25 — 0 for which
b=10

x%2-10x+25 _ . x—=5

Folox42S _ XS
x2—7x+10 x-5

Hence, lim
’ x=5 x—2

(9]

Since, lim g(x) = lim g(x) =1andg(1) =0
x—1" x—1t

So, g(x) is not continuous at x = 1 but lirqg(x)

xX—

exists

We have lergl_f(x) = }ll_r%f(l —h)= }ll_r)%[l —h] =

0

and, ,}E%f(x) = ;LILI’(I)f(l + h) = }11%[1 +h]l=1

So, }Cirr}f(x) does not exist and so f(x) is not

continuousatx =1
We have gof (x) = g(f(x)) =g([x]) =0,vx €R
We have fog(x) = f(g(x))
f(0), x€Z 0, x €z
{f(xz),x €ER-Z {[xz],x ER-Z
Which is clearly not continuous
(<)
Given, g(x) =

&; 0<x<2 m=
log cos™(x—-1)

x—1 x=1
1—-x; x<1
The left hand derivative of |[x — 1| atx = 11is
p=-1
Also, lim g(x) =p=-1

x-1*

0, nareintegersand |x — 1| = {

_ 1+h-1)"
= lim =-1
h-0 logcos™(1+h—1)
th
lim ———=—
= R mlogcosh
n. A1
= lim -1

h=0m ﬁ (— sin h)

[using L ‘Hospital’s rule]

n h"~2
= (—)lim——x=1
(m) h—0 (ta;ll h)

> n=2andXt=1
m

> m=n=2

(d)
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From the graph it is clear that f (x) is everywhere
continuous but not differentiableatx = 1 —

V2,0,1
(@)

As f is continuous so f(0) = lim,_, f (x)
= f(0) = lim f(1/4n)
n—oo
= lim (sine")e‘"2 +; =0+1=1
T o 1+1/n2) B

(b)

f(x) = max {%, [sin nxl}

X

3 35 4

Thus, for the maximum points of non-
differentiability, graphs of y = %and y = |sinmx |
must intersect at maximum number of points
which occurs whenn > 3.5
Hence, the least value of n is 4
(9
f(0)=0+0+AIn4=2AIn4 (1)
RH.L. = lim,_ o+ f(x) = }lll’)r(l) f(O+h)

. 8 —4h—2h 41"
= n?

(ah-1)2"-1)

. 4h—1l_ 2" —1
TR\ TR e\ Th

=In4ln2 (2)
~ f(0) =RH.L.
= A1=1In2
(©
N (O !
[ = i e Dy 1
1

[(x—1)2]"
_r
[(x—-2)2]"

= lim
n—-oco +
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-,0<(x—-1?<1
={ 0,(x—1%?=1
1,x—-12%>1
(1, x<0
o, x=0
=4— 0<x<2
| 0, x =
L1,  x>2
Thus, f(x) is discontinuous at x = 0, 2

(@)
x2+2x+3+sinmx=(x+1)2+2+sinnmx > 1
~f(x)=1Vx€ER

()

fO) = =D](x-Dx-2)|

fe) == D|(x - Dx - 2)|

= (x+ D[(x — 1x = 1]]x — 2]

Which is differentiable at x = 1

For f(x) = sin(Jx — 1]) — |x — 1]

f’(1+)=limsmh_h_0=0
h—-0 —h
o . sin|—=h|—=|—=h| . sinh—h
ffa)= ;Ll_ff(l) 7 = ’lll_rg 7
=0
Hence, f (x) is differentiable at x = 1
For f(x) = tan(|x — 1|) + |x — 1]
, . tanh+h-0
fan ===
o . tan|-h|+|—h| . tanh+h
fran) = lim — = }zl—%——h
=-2
Hence, f(x) is non-differentiable at x = 1
(a)
We have x + 4|y| = 6y
x —4y = 6y, ify<o
{x+4y=6y, ify>0
%x,ifoO ) %,X>0
=Y=91 . = f'(x) = 1
1—0x,1fx<0 1—0,x<0

Clearly, f(x) is continuous at x =0 but non-
differentiable atx = 0

(©

f(x) = tanx is discontinuous when x =
@Cn+Dn/2,nezZ

f(x) = x[x] is discontinuous when x = k,k € Z
f(x) = sin[nmx] is discontinuous when
nnx=k,k€Z

Thus, all the above functions have infinite number
of points of discontinuity

But f(x) = % is discontinuous when x = 0 only
(9
f(x) = {x} sin(m[x])

= {x} sin (integral multiple of )
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=0
Hence, f(x) is continuous for all x
(b)
The function f is clearly continuous at each point
in its domain except possibly at x = 0. Given that
f(x) is continuous at x = 0
Therefore, f(0) = lim,_, f(x)
~ 2x—sin"lx
=lim ———
x—02x + tan~1x
o 2—(sin"'x)/x 1
= lim — ==
x>0 2+ (tan"'x)x 3

(d)

f(x) = cos(|x|) + |x| = cos x + |x| is non-
differentiable at x = 0 as |x| is non-differentiable
at x = 0. Similarly f(x) = cos(]|x|) — |x| is non-
differentiable at x = 0

. __ (—sinx —x, x<0

f(x)_smlx|+|x|_{+sinx+x, x>0
, _(—cosx—1, x<0
=>f(x)_{+cosx+1, x>0

Which is not differentiable atx = 0

. —sinx+x, x<0
fG) = sinfx| — |x| _{ sinx —x,x >0

rey _ [—COSX+1, x<0
ﬁf(x)_{+cosx—1, x>0
= f is differentiable atx = 0
(b)

Consider x € [0, 1]
From the graph given in figure, it is clear that
[cos mx] is discontinuous at
x=01/2 (1)
y

[\)l —_]_.-

Now consider x € (1, 2]

f(x) =[x —2]|2x = 3|

Forx € (1,2);[x — 2] = —1andforx =
2;[x—2]=0

Also [2x —3|=0=>x=3/2

= x = 3/2 and 2 may be the points at which f(x)
is discontinuous (2)

83
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( 1, x =
0 0<x< !
) X =5
1
fx)y=4¢ -1, §<xS1
—-(3—-2x),1<x<3/2
—(2x—3),3/2<x<2
\ 0, x =2
Thus, f(x) is continuous when x € [0, 2] —
{0,1/2,2}
(b)

We have f(x) =v1—+v1—x?
The domain of definition of f(x) is [—1, 1]
For x # 0,x # £1, we have
() = 1 y x
4 Vi—vi—xz Vi-#?
Since f(x) is not defined on the right side of x = 1
and on the left side of x = —1
Also, f'(x) » owhenx » —1torx -» 1~
So, we check the differentiability at x = 0
Now, LH.D.atx =0

_ 1 f(x) = f(0)
= lim —————
x—0~ x—0
i f(0—h)—f(0)
= l1im

h—-0 —h
_“mm-m-o
" h>0 —h

_1—(1—(1/2)h% + (3/8)h* + --)
= —lim

h—0 h

o il L
Similarly, RH.D.atx = 0 is %

Hence, f(x) is not differentiable atx = 0
1—|x|

(b)
We have f(x) = {1+x x#F -1
1, x=-1

1, x<0,
= {1—x 0 ( f(=1) = 1is given)

—,x =
1, [2x] <O
1—[2x]
if;—ﬁz;i,[ x]=0
( 1, x<0
1, o0=<x<1/2
={0, 1/2<x<1

| 3
| -1/31<x<3

1+x’

= f([2x]) =

Clearly, f (x) is continuous for all x < %and

discontinuous at x = %, 1
(b)
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f(x)is discontinuous atx = 1 and x = 2
= f(f(x)) may be discontinuous when f(x) = 1
or 2

Now1l —x =1 = x = 0, where f(x) is
continuous

x+2=1=2>x=-1¢(1,2)
4—x=1=>x=3€]24]
Nowl—-x=2 =x=-1¢[0,1]
x+2=2>=x=0¢(0,2]
4—x=2=>x=2€]2,4]

Hence f(f(x)) is discontinuous at x = 2,3
(b)

. a cos x—Ccos bx
We must have lim,,_,j —————

=4

xZ
2 b2x2
a(1-3)-(1-%0)
. 21 21 )
z}lcl_r)r(g " =4
. (a—1) [a b?
= - —-——— =
o0 | x2 2 2
2
=>a=1and5—b—=—4
2 2

=>a=1andb?=9
=>a=1andb = =3

(o)

For |x| < 1,x?™ - 0 asn — oo and for
lx| >1,1/x*" - 0asn — . So

f(x)
( log(2 + x), [x < 1]
. x"]og(2 + x) —sinx o
_ 111&10 po = —sinx,if |x| >
| 1
k 7 [log(2 + x) — sin x], x| =1
Thus, lim, 1,4 f(x) = lim,_;(—sinx) = —sin 1
and lim,_,;_ f(x) = lim,_,; log(2 + x) = log 3
(9
Let f (x) = x?|x| which could be expressed as
—x3 ,x<0 —3x%2,x<0
f(x)=40, x=0=f'(x)={ 0,x=0
x3, x>0 3x%,x >0
So, f'(x) exists for all real x
—6x, x<0
f”(x):{ 0, x=0
6x, x>0
So, f"(x) exists for all real x
—6, x <0
f”’(x)={0, x=0
6, x>0

However, f""'(0) does not exist since f'"'(07) =
—6and f""(0%) = 6 which are not equal. Thus,
the set of points where f(x) is thrice
differentiable is R — {0}

(d)

We have,

90
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LH.L. = lim,_,- f(x)
= }112}) f(4—h)

i ARt
TR e —n—4 ¢

RH.L. = lim,_+ f(x)
= ’llir% f(4+h)

Sl e S S
_hl—r}})|4+h—4| B
=>f(4)=a+b

Since f(x) is continuous at x = 4, therefore
lim_ f(x) = f(4) = lim, f(x)
>a—1=a+b=b+1=>b=-1landa=1
(b)

f (x) is clearly continuous for x € R

on _ 3x%,x2 <1
f(x)—{ 1,x2>1
Thus, f(x) is non-differentiableatx = 1, —1
(@)
f(e) = [logee] +/{Igee} = [1] + {1} =1+0

=1
f(e") = [log. e™] + /{log, e*}
=}lin;1)[1+h]+ {1+h}=1+0=1
f(e™) = [loge e™] + /{log. e~}
=}lirr(1)[1—h]+w/{1—h =0+1=1
Hence, f(x) is continuous at x = e

NOW fl(e+) — limh—>() f(e+h)—f(e)

h
S +nl+y1+hr-1
= lim
h—0 h
VN Uk DU
= h _hl—r%ﬁ_)oo

Hence, f(x) is non-differentiable at x = 0
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(ac)

=1 .32 1

Flx) = {(sm x)“ cos (;)x =0
0, x=0

lim f(x) = lim(sin™! x)? cos (1>
x—0 x—0 X
= (0 X (any value between —1to 1) =0
Hence f(x) is continuous at x = 0
(sin~1 h)? cos (%) -0

h

h 1

) (}lli% sin™! h) (}llir(l) cos (E))
=1 x (0) X (any value between —1to 1) =0
Similarly, f'(07) =0
Hence, f(x) is continuous and differentiable in
[—1,1] and (—1, 1), respectively

Nt — 1;
f1(0%) = lim

i sin™!
= lim
h—0 h

(b,c,d)
3
— 3 — —X 1x<0 nr _6,x<0
) =lx l_{x3,x20 =/ (x){6,x>0
Hence f""'(0) does not exist
4
— 43 _—xhx< 0 7
Feo =l = {550 = e
_ {—24x,x <0
Tl 24x,x >0

Hence f'"'(0) = 0 and exists

Similarly for f(x) = |x|sin®x and f(x) =

x|tan® x|, also f'"’(0) = 0 and exists

(a,c,d)

Differentiating w.r.t. x, keeping y as constant, we
getf'(x+y) =f'(x) +2xy +y°

Now putx =0

ffO)=f0)+y*=y>-1

S ffx)=x%-1
3
o f(x) =?—x+c

Also f(0+0)=f(0)+f(0)+0 =~ f(0)=0

~flx) = %3 — x, f(x) is twice differentiable for all

x€ERandf'(3)=32-1=8

(a,b,c)

Since, lim g(x) = lim g(x) =1andg(1) =0
x—-1 x—-1t

So, g(x) is not continuous at x = 1 but chlrri g(x)
exists
We have lim f(x) =lim f(1—h) =
x-1 h-0

}llil’(l) [1-h]=0
andxll)nll+ fx) = ;Ll_rgf(l +h) = }llir(l) [1+h]=1
So, lirri f(x) does not exist and hence f(x) is not

X—

continuous atx =1

We have gof (x) = g(f(x)) =g([x) =0,Vvx,€ER
So, gof is continuous for all x
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We have fog(x) = f(g(x)) = {f(){z()(?);cxeeRZ_ 7
0, X€EZ
- {[xz], XER-Z
Which is clearly not continuous
(a,c,d)
From the figure, it is clear that h(x) =
X, ifx<0
{xz, ifo<x<1
X, ifx>1

From the graph, it is clear that h(x) is continuous
forallx € R,h'(x) = 1forallx > 1,and h is not
differentiable at x = 0 and 1

(a,cd)

ais not correct as f(x) = x from R to R is onto
but its reciprocal function g(x) = %is not onto on

R

b is obviously true

Also g(x) is not continuous, hence not
differentiable though f(x) is continuous and
differentiable in the above case

(ac)

From the graph, it is clear that f(x) is continuous
everywhere and also differentiable everywhere
exceptatx = 1and —1

(ac)
1, |x] =1
11
flx) = —2,—<|x|< n=273..
n“'n n—1
0, x=0

Page|32



100

101

102

103

1, x<orx=>1
: e(-2-3)v (1)
={4‘I x ) 2 2’
1 E(—l —1)U(1 1)
l9’ *=\23) 7302
oO——0 o——-o0
L, o o
BN (N
2 3 32

The function f is clearly continuous for |x| > 1

We observe that
. . 1
Jim fG) =1, lim_f() =3
1

Also, xh_)% fx) = — and xlir{l__ fx) = (n+1)2

Thus f is discontinuous for x = + %, n=1273,..

Hence a and c are the correct answers
(a,b,c,d)
a, b, and c are false. Refer to definitions for d, f
must be continuous = False
(a,b)
xzsin(%), x#0
0, x=0

’ — .2 nN(_1 (L
Ifx #0,g"(x) = x“ cos (x) ( xz) + 2x sin (x)

1 1
= — oS (—) + 2x sin (—)

X X
Which exists for Vx # 0

Ifx=0,
Then

We have g(x) = {

- 2 ¢j -
g,(o) _ limx_>0 g(x;_ﬁ(o) - lim x“sin(1/x)—0

x—0 x—0

1
= lim x sin (—) =0
x-0 X

1 1
= g'(x) = {— cos (;) + 2x sin;,x #0
0, x=0

Atx = 0, cos (%) is not continuous, therefore g’ (x)

is not continuousat x = 0. Atx =0

0 — (—x) sinsin (— 1) 1
Lf' =lim X =sin(—>
x-0 X
Which does not exist
(a,b)

sin*x € (0,1) forx € (—m/2,m/2),

= f(x) =0forx € (—m/2,1/2)

Hence f(x) is continuous and differentiable at
x=0

(a,c,d)

x2—2x—8_(x+2)(x—4)_x

fe = x+2 x+2 —hx
*+ -2
Hence f(x) has removable discontinuity at
x=-=2
Similarly f(x) in options (c) and (d) has also
removable discontinuity
x—=17 -1,x<7

f(x)=m={ Lx>7
Hence f(x) has non-removable discontinuity at
x=7

104 (b,c)

Option (a) is wrong as f(x) = sinx and g(x) =
|x|, g(x) is non-differentiable at x = 0, but
f(x) g(x) is differentiable at x = 0

105 (a,b,d)

<x<1
|x+1'0_x<

f(x){ ;,1Sx<2

2<x< >
G 25% <3
Clearly, f(x) is discontinuous and bijective

function
1
Jim £ =5 Jim ) =2
min (J}Lrgl_ fCo, lim, f (x)> = % # (1)
max(1,2) =2 = f(1)
106 (b,c,d)
fo={r IZl=rw={n *I%

which exists Vx except possibly at x = 0
Atx =0,Lf" =0 = Rf’

= f is differentiable

Clearly, f' is non-differentiable
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(a,b)

f(x) = sgn(x)sinx

f(0%) =sgn(0*)sin(0*) =1x(0)=0
f(07) =sgn(07) sin(07) = (=1) x (0) =0
Also f(0) =0

Hence, f(x) is continuous everywhere
Both sgn(x) and sin(x) are odd functions
Hence, f(x) is an even function

Obviously, f(x) is non-periodic

Now £'(0*) = lim,_,o L&2L©

h
. sgn(h)sinh—0 _ sinh
= lim = lim =1
h—0 h h-0 h
rrn+y _ 1:... sgn(=h)sin(=h)-0
and f'(0%) = }ll_r)r(l) —
—1 X (—sinh
= lim Zix(zsinh) =-1
h—0 —h

Hence, f(x) is non-differentiable at x = 0
(a,b)

For b = 1, we have f(g(O)) = f(sin(0) + 1) =
f()=1+a

Also f(g(0%)) = xlir(r)l+ fGGinx+1)=f1) =1+
a

and f(g(07)) = lim f((x}) =f(1) =1+a
Hence, f(g(x)) is continuous for b = 1

Forb <0,

f(8(®) = f(sin(0) +b) = f(b) =2~ b
f(g(0") = lim f(sinx +b) = f(b) =2 —b
and f(g(07)) = lim f(x) = f(D) =1+a
For continuity at x = 0, we must have
2—b=14aora+b=1

(b,d)

f(x) =sgn (cos2x — 2sinx + 3)

=sgn(1 — 2sin®?x — 2sinx + 3)

= sgn(—2sin? x — 2sinx + 4)

f(x) is discontinuous when —2 sin? x — 2 sinx +
4=0or sinZx+sinx—2=0

or (sinx —1)(sinx +2)=0orsinx =1
Hence f(x) is discontinuous

(a,b,c)
lx — 3], x=>1
x)={x%* 3x 13
fey=1x _3x BB
4 2 4
x? 3x 13 <1
D B R
3 —x, 1<x<3
x — 3, x =3
x_3 <1
—_—’ x
' _) 2 2
S =10 % 1<cx<3
1, x> 3

111
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Clearly, f (x) is non-differentiable at x = 3
For x = 1, where function changes its definition

. x¥* 3x 13] 1 3 13
fa7) = lim Z_7+T] a2ty T
faat) =limlx -3/ =2

x-1
Lf'(17) =-LRf'(A") =-1
Hence, f(x) is differentiable at x = 1
Hence, f(x) is continuous for all x but non-
differentiable at x = 3
(a,b,d)
Given that x + |y| = 2y
Ify<0,thenx —y=2y=y=x/3=2x<0
Ify=0,thenx =0
Ify>0,thenx+y=2y=>y=x=>x>0

, . _(x/3,x<0

Thus, we can defmef(x)—y—{x’ >0
=>d_y_{1/3,x<o
dc 1, x>0

Clearly, y is continuous but non-differentiable at
x=0
(a,b)
f (x) is continuous for all x if it is continuous at
x = 1forwhich |[1| -3 =]1—-2|+aora=-3
g(x) is continuous for all x if it is continuous at
x = 2forwhich2 —|2| =sgn(2)—b=1—-bor
b=1
thus, f(x) + g(x) is continuous for all x if
a=-3b=1
hence, f(x) is discontinuous at exactly one point
for optionsaandb
(a,c,d)
For continuity atx = 1

lim f(x) = lim (x%sgn[x]+{x})) =1+0=1
x-1* x-1t

lim f(x) = lim (x? sgn[x] + {x})
x-1 x—1

=1sgn(0)+1=1

Also, f(1) =1
~ LH.L.=RH.L. = f(1). Hence, f(x) is continuous
atx =1
Now for differentiability,

, _ fA+h)-f1)
f1an) = lim h
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m(1+h)zsgn[1+h]+{1+h}—1

h-0 h
- (14+h)?*+h-1 _ h?2+3h
= lim = lim =
h—0 h h—0
1=y _ Tia SA=R)=F(D)
and f'(17) = ’111_% —
- (1—=h)?sgn[1—h]+{1—-h}-1
= lim
h—-0 —h
- (1-h?+1-h-1
= lim
h—0 —h
— 1 h? —3h _
TR —h
fran=f@an

Hence, f(x) is differentiable at x = 1

Now atx = 2,

xllnzq_f(x) = xl_l)rzn_ (x%sgn[x]+{x}) =4x0+1
hllgl+ flx) = th§+ (sinx+|x—3])=1+sin2
Hence, L.H.L #+ R.H.L.

Hence, f(x) is discontinuous at x = 2 and then

f (x) is also non-differentiable at x = 2
(a,b,c,d)

e*+ 1
a.lim,_,+ f(x) = hr(r)1+ Zxa =s=a= -1
1 .. 1
If a = —1, then le1})1+ f(x) = E,xILI{))_ flx) = >

. . . 1
~ f(x)is continuousatx = 0if b = 3
X
c.Ifa # —1, then lim <=2 does not exist
x—0 2x

~ x = 0 is a point of irremovable type of
discontinuity

. _ . -1
d.ifa = —1, then }Cl_r)r(l) f(x) >

~b# % = removable type of discontinuity at
x=0

(a,b)

For maximum points of discontinuity of
f(x) =sgn(x?—ax+ 1),

x? — ax + 1 = 0 must have two distinct roots, for
whichD =a? —4>0

= a € (—,—2) U (2,0)

(a,b)

fAD =LA =Lf1) =1
ffaA)=5f0"=5

f(2%) =10,f(27) =10
fr@H=3f@2)=13

(b,d)
1
a. llmx_)1+I il and leHll_ il
hence f(x) has non-removable discontinuity
. x2-1_ 2
b. lim ==

~ f(x) has removable discontinuity at x = 1

119

121

122

123

= land lim

x—1

() =ty ()=

Hence, the limit does not exist

c. lim
x-1t

. Ax+1 \/_
d.}cl_)1 - \/_ (Rationalizing)

~ f(x) has removable discontinuity at x = 1
(a,0)

- cot(3(§—h)) / cot(z (g—h))
/(7)=m ()

) =iz
tan3h
3 Zcotzh
=lim 3)
3 —(tan3h)(tan2h)
= lim (—) =1
h-01\2
+ tan(Z+n)||/b
(%) = o+ Jeon G ) )
= lim (1 + tan h)%oth
acoth

11m (1+tan h-1)

ea/b

Alsof(;) =b+3

f(x) is continuous at x = 7 /2
=>1=b+3=e*’=p=—-2anda=0
(b,d,e)

y =1+ |sin x|

| sinx | is continuous for all but not differentiable
when sinx = 0 (where sin x crosses x-axis) or
X=nmneZzZ

(a,b,d)

From the graph, 0 < xsinmx < 1, forx € [—1,1]
Hence, f(x) = 0,x € [-1,1]
(a)

flx) = 1—|| is differentiable everywhere except

probablyatx = 0
Forx =0
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125

126

L fO-R-fO  Ta=0
O=mT— im o T
voos o JO+R)=f(0) 57V
RPI(O) = iy~ ——— = Im = — =1

Lf'(0) = Rf'(0)
= f is differentiable at x = 0
Hence, f is differentiable in (—oo, )
(d)
€ [0 ]:x_ze[ 1,2 1]
x , T 3 3
12 : . _
= which is continuous in (—oo, ©0)~{2}
. . . T T
tan(f (x)) is continuous in (— E’E)

f1(x) = 2(x + 1) which is clearly continuous
but tan(f‘l(x)) is not continuous

(b,c)

On (0, m)

a.tanx = f(x)

we know tan x is discontinuous at x = 7 /2

b. f(x) = f; t sin (%) dt
= f'(x) = xsin G) which is well-defined on
(0,m)

~ f(x) being differentiable is continuous on (0, )
1, 0<x<3m/4
c.f(x)= {

ZSin%x, 3nfd<x<m
Clearly, f(x) is continuous on (0, ) except
possibly at x = 3w /4, where
L.H.L. = li (3” R)=lim1=1
ML= jim f(5 =) = lim 1 =

RH.L = lim f (2% + h) = lim 2 sin > (> + &
.H. .—hl_r)l’(l)f(T )—xl_l‘)r(l) smg(T )

2h> 9 s s ) 1 1
_— ] = —_ = X ==
9 SH16 5

I
= lim2 sin (— +
h—0 6
Also f (%n) =1
3n . .
AsL.H.L.= RH.L.=f (T) ~ f(x) is continuous

on (0, )
xsinx, 0 <x <m/2
d.f(x) = {%sin(n + x),g <x<Tm
Here f(x) will be continuous on (0, «) if it is
continuousatx = /2. Atx =1 /2

L.H.L.=}lin(1)f(g—h)
- A A A

- n . n .
=}11_r)r(1)(5—h)sm(z—h) —Esmi—z
R.H.L= 1imf(z+h) = limzsin(n+z+h)

T hso! \2 "~ h-02 2

n . 7T .

ESIH (T[ + E) TSIHE >
AsL.H.L.# R.H.L.~ f(x) is not continuous

(ac)

—TT T T

127

128

129

f(x) =x+ |x| + cos9x,g(x) = sinx

Since both f(x) and g(x) are continuous
everywhere, f(x) + g(x) is also continuous
everywhere

f (x) is non-differentiable and x = 0

Hence f(x) + g(x) is non-differentiable at x = 0
Now h(x) = f(x) X g(x)

_ ((cos9x)(sinx), x <0

- {(Zx + cos 9x) (sin x), x>0

Clearly, h(x) is continuous at x = 0

Also
h'(x)
__ (cosx cos9x — 9sinx sin9x, X
- {(2 — 95sin9x) sin x + cos x (2x + cos 9x), x

R'(07)=1hA'(0Y) =1
= f(x) X g(x) is differentiable everywhere
(b,d)

We have lir%w = lim
x— -

x—0 x—-0 log(1+x2)
log(1 —1+cosx)1—cosx
log(1+x?) 1-—cosx
log{l1 — (1 —cosx)} 1—cosx
log(1 + x?)
. 2X
log[1 — (1 — cos x)] 2sin” > x?

4 G)Z log(1 + x?)

logcosx

x—0

x—=0 1—cosx

x—0

—(1 —cosx)

_ 1

T2
Hence, f(x) is differentiable at x = 0
Hence, b and d are the correct answers
(b,c)
FO7) = Jim | lim (cos” )7}
= (avaluelesserthan 1)® =0
£ = lim [ lim,1+277] = 1
Also f(0) =1 = discontinuous atx = 0
Further, f(17) =1, f(1") =0;f(1) =1
= discontinuous at x = 1
(@)
Clearly, f(x) is defined for all x satisfying
9—x2>0and2—x>0=x€(-3,2)
So, domain of f(x) = (—3,2)
Clearly, range of f(x) = [—1,1]
Also, lim,_,o- f(x) = lim,_ o+ f(x) = £(0)
So, f(x) is continuousat x = 0

Now,
i, (x = 3)f ()
= lim(h
h—-0

_ 9—(-3+h)?
— 6) sin {log (m)}
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131

132

133

= lim (x = 3)f(x)
h(6 — h))}

= ;Ll_%(h —-6) sm{log( T,
= lim,,_3;+(x = 3)f(x) = (h—6) X (An
oscillating number)
=~ lim,_,_z+(x — 3) f(x) does not exist
(a,c,d)

a is wrong as continuity is a must for f(x)
b is the correct form of intermediate value
theorem

y
f =%
x' I | 5 X
yl
c as per the graph (in figure), is incorrect
y
x' | , X

d is wrong if f is discontinuous

(a,b,c,d)

Given function is discontinuous when
a+sinnx =1
Nowifa=1=sinntx=0=>x=1,2,3,4,5
Ifa =3 = sinmx = —2 not possible
Ifa=05 = sintx = 0.5

= x has 6 values, 2 each for one cycle of period 2

. 13579 11
Ifa=0 =2sintx=4+1=>x==-,-,-,-,2,—
2’2’2’2’2" 2

Hence, all the options are correct

(b)

3
= _ £)3/5 ’ - -
Statement 2 as it is fundamental concept for non-
differentiability

But given function is non-differentiable at
x = 5/2, as it has vertical tangent at x = 5/2, but
not due to sharp turn

The graph of the function is smooth in the
neighbourhood of x = 5/2

(b)
Statement 1 is correct as e!*! is non-differentiable
atx =0

134

135

136

(b)

We know that 0 < cos?(n! mx) <1
Hence, lim,,_, coszm(n! nx) =0or1,as
0 < cos?(n!mx) < 1orcos?(n! mx) =1

Also, since n = oo, then n! x = integer if x € Q and
n!lx # integer if x € Q and n! x # integer, ifx €
irrational

1, if x is rational
0, if x is irrational

Hence, f(x) = {

= h(x) = 1 when V x € R which is continuous for
all x; however, statement 2 does not correctly
explain statement 1 as the addition of
discontinuous functions may be continuous

(b)
y o y=/x
y=X

Since f(x) is a continuous function such that
f(0) =1and f(x) # x,Vx ER

The graph of y = f(x) always lies above the graph
ofy =x

Hence f(x) > x

Hence, f(f(x)) > x (as f(x) is onto function, f(x)
takes all real values which acts as x)

Statement 2 is a fundamental property of
continuous function, but does not explain
statement 1

(d)
f(x) = |x|sinx

~ |0—~h|sin(0—h)—0  —hsinh
L.H.D = lim = lim———

h—0 —h h—»0 —h

=0

|0+ h|sin(0+h)—0 _ hsinh
R.H.D. = lim = lim

h—0 h h-0 h

=0
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140

141

= f(x) is differentiable atx = 0

(b)

Statement 2 is obviously true

But f(x) = tan™?! (12x

_xz) is non-differentiable at

2x
1-x2
statement 1 is true but statement 2 is not the
correct explanation of statement 1

(b)
If Ol = Ix|

=>0<[f() < x|

x ==+1as is not defined at x = +1. Hence

= Graph of y = |f(x)] lies between the graph of
y=0andy = |x|

Also [f(0)|<0=f(0)=0

Also from Sandwich theorem, lim,_,, 0 <
limr—-0/x<limx—-0/x/

= lim|f(x)| =0
x-0
= y = f(x) is continuous at x = 0

Also statement 2 is correct but it has no link with
statement 1

(d)
Statement 1 is false, as consider the function
f(x) = max{0, x3} which is equivalent to

f(x):{O,x<0

x3, x>0

Here f(x) is continuous and differentiable at
x=0

However, statement 2 is obviously true

(9

Statement 1 is obviously true

But statement 2 is false as f(x) = x3 is
differentiable, but f ~1(x) = x/3 is non-
differentiableat x = 0

f~1(x) = x'/3 has vertical tangent at x = 0

(©

Consider f(x) = {1’ if x20

-1, if x<O0

Hence |f (x)| = 1 for all x is continuous atx = 0

142

143

144

145

but f(x) is discontinuous at x = 0

(b)
f(x) = (sinmx)(x — 1)¥/5 is continuous function
as both (sinx) and (x — 1)1/5 are continuous

But (x — 1)/5 is not differentiable at x = 1

However, f'(17) = 1imh_)0f(1%)h‘f(ﬂ

sin[r(1 - h)](1—-h-1)Y5-0
m
h—-0 —h

~ sin(mh) — (—h)/3
= lim =0
h—-0 h

and f'(1%) = }li_rf(l) f—(“hz_f(l)

sinf[ltf(1+hA)](A+h-DY5-0
m
h—0 h

— sin(mh) (h) /5
m =0
h—0 h

Hence, f(x) is differentiable at x = 1, through
(x — 1)%/5 is not differentiable at x = 1

However, statement 2 is correct but it is not a
correct explanation of statement 1

(©

Statement 1 is true as v/x is monotonic function.
But statement 2 is false as f(x) = [sin x] is
continuous at x = 3m/2, though sin(3r/2) = —1
(integer)

(a)

Statement 2 is true as it is a fundamental concept

Also, f(x) = sgn(g(x)) is discontinuous when
g(x) =0

Now the given function f(x) = sgn(x? — 2x + 3)
may be discontinuous when x2 + 2x + 3 = 0,
which is not possible: it has imaginary roots as its
discriminant is < 0

(o)
See the graph of f(x) = ||x?| — 3|x|+2],
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Which is non-differentiable at 5 points,
x=0,%1,%2

However, statement 2 is false,
As f(x) = x3 crosses x-axis atx = 0,
But |f(x)| = |x3| is differentiable at x = 0

(b)

Statement 2 is trueascos0 =1

Now i el/x—1 li el/h—1 1—e~1/h
ow lim —— =lim—— = lim—— =
X0+ o1/x41 7 pS0el/he1 T pop 14e /R

el/*—1 .. e"Uh g

1m =
h—-0 e~1/hyq

-1

and lim =
x—>0—el/*4+1

Thus L.H.L. # RH.L.

Hence, the function has no-removable
discontinuityatx = 0

Hence, statement 2 is not a correct explanation of
statement 1

(@)
F(x) = f(g(x),
= F(x) = x? + 2|x|

2x—2,x<0

:>F(x)={2x+2,x>0

Hence, F'(0*) =2and F'(07) = -2

Hence, both statement are correct and statement
2 is a correct explanation of statement 1

(@

We know that sgn(x) is discontinuous at x = 0

Also f(x) = |sgnx| = {é’i i gwhich is

discontinuous atx = 0

-1,x<0
1, x=0°
discontinuous at x = 0 but |g(x)| = 1 for all x is

Consider g(x) = { Here g(x) is

149

150

151

152

continuous at x = 0

Hence, answer is ¢

(@)
Letx =k ke€Z=f(k)={k}+/{k}=0
fkt)=04+0=0,f(k")=1+1=2

Hence, f(x) is not continuous at integral points

Hence, correct answer is a

(©
We know that both [sin x] and [cos x] are
discontinuous at x = /2

Also f(x) = [sinx] — [cos x] is discontinuous at
x=m/2

Asf(n/2)=1-0=1and f(m/2*) =0 —
(-1) =1

f(m/27)=0-0=0

But the difference of two discontinuous function
is not necessarily discontinuous

()
f(x) = x|x| and g(x) = sinx

. —sinx?, x<0
gof (1) =sinxlxl) = {5 X
—2x cos x?, x<0

(gor)'@ = |

2xcosx?, x>0
Clearly, L(gof)'(0) = 0 = R(gof)'(0)

-~ gof is differentiable at x = 0 and also its
derivative is continuous atx = 0

Now,
—2xcosx?® +4x?%sinx?, x <0
n x :{ )
(gof)"(x) 2cosx? —4x%sinx?, x>0

~ L(gof)"(0) = —2 and R(gof)" (0) = 2
= L(gof)"(0) # R(gof)" (0)
~ gof (x) is not twice differentiable at x = 0

(c)
F(1) =0,F(1*) =Zand F(17) = —%”

= F is discontinuous
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157

158

1,ifx =0

But for f(x) = 1ifx < 0amd glx) =
—-1,ifx>0 . . _
[11 Fx <0 then f(x)g(x) is continuous at x = 0
(b)

2n
. x“"=1. . .
f(x) =limy,_ 0 —np; s discontinuous at x = 1

-1, x* <1
=4 1, x2>1
0, x2=1

= f(1t)=1and f17H) =-1

Hence, f(x) is discontinuous at x = 1 as the limit
of the function does not exist

gtia)tement 1 is incorrect because if Jlci_r>r611g(x) and
liln f(g(x)) approach e from the same side of e
Es:y right side), and }Ci_rgf(x) =f(e) # }Ci_rgf(x),
then lim £ (3()) = f(e*) = f(e)

Statement 2 is correct

(b)
T/4,x > 1

fx) = [n/4,x =1 [in the interval (1 — 8,1 + 8)]
/2, x <1

Hence, f is discontinuous and non-derivable, but
non-derivability does not imply discontinuity

(d)
2inl

Consider f(x) = {x sine,x # 0

0, x=0

differentiable at x = 0, but derivative is not
continuous atx = 0

which is

However, statement 2 is correct

(@)
xlir(r)yf(sinx + [x]) =0, xllr(r)l_(sinx +[x]D)=-1

Thus, limit does not exist, hence f(x) is
discontinuous atx = 0

Statement 2 is a fundamental property and is a
correct explanation of statement 1

()

160

From the graph, statement 1 is true

Consider f(x) = min{x, sin |x|} is differentiable at
x = 0, through g(x) = max{x, sin |x|} is non-
differentiable at x = 0

| ¥ .y =X ‘y = sin x
R Y B n s B
x' { ; : : X
‘1 O N
: 2 2 :
B e )
y/
Graph of y = min {x, sin [x|}
' y ' '
S SR 0
X' f 5 : > X
T 1 O 1 N
: 2 2 :
e S | I,
Graph of y = max {x, sin |x|}
(9
5e1/%42
a.f(x)={3—e1/X’ x#0
0, x=0
0 = 1 Sel/h4+2  542e Uk c
=lim————=lim—F7——=—
f h—0 3 — el/h h—0 3e_l/h -1

Hence, f(x) is discontinuous and non-
differentiable at x = 0

1/x
b.g(x) = xf(x) = {x%,x *0
0, x=0
f(0+) = hmhw = lim M
h-0 3 —el/h nso 3e~l/h -1
=0x(5=0

. hSe‘l/h+2_ B
f(O)—hII)r(l) g_e—_l/h—OX(Z/3)—0

Hence, f(x) is continuous atx = 0

0—h)—g(0
Lg'(0)=}3£%g( _)h 8(0)
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—hf(=h) =0

e —
= limf(=h)
_5eYhy2 042 2
M3 m T3-0°3
, g(0 + h) — g(0)
Rg'(0) = lim Y
 lim g(h)—0
h—0 h
5el/h 42
= llmf(h) = lll’r(l)m
54 2e7 VR
= g1
540
“o0-1_

~ LF'(0) # RF'(0)

Hence, F(x) is not differentiable, but continuous
atx =0

c. For x2f (x),

Let F(x) = x%f(x)

e F(0—h) —F(0)
o LF (0)—1m}) 7
h?f(—=h) -0

i PFER =0

h—0 —h

voos 1. F(O+h)—F(0)
RF (0)—}11_% A

. h*f(h)—0
= lim ———— =

h—-0 h

~ LF'(0) = RF'(0)

Hence, F(x) is differentiable at x = 0, then it is
always continuous at x = 0

d. Clearly from the above discussion y = x~1f(x)
is discontinuous and hence non-differentiable at
x=0

(@)

a. f(x) = limy_,[cos?(2mx)]" + {x + %}

obviously,lim ,+f(x) =0+0=0
x-=
2

andlim_ - f(x) =0+1
X—>E

~ f(x) is discontinuous at x = %

b. f(x) = (logx)(x — D/*
Obviously, f(x) is continuous at x = 1

i e JA+R) = ()
£t = lim h
log(1 + h)h1/5
F117) = lim fa- h;)l f(l)
log(1 — h)(-=m)*/5
b —h h

Hence, f(x) is differentiable at x = 1

c. f(x) = [cos 2mx] + {sm( x)}

lim f(x) = 11m [cos 2mx] + hm / sm —
x-1" 2

=0+1=1

. — 0 . . 7Tx
xll_)r%f(x) = xll% [cos(2mx)] + xll_{g /{sm (7)}
=04+1=1

Alsof(1) =1+4+0=1
f(x)is continuous at x = 1

f1an

[cos2m(1 + h)] + {sin (”(Hh)
= lim
h—-0
Th
[cos 2mh] + {cos (7)} -
= lim
h—0
@1t
= lim = lim =0
h—0 h h—0 ) h
cos ( > )
Similarly, f'(17) =0
_(cos2x, x€Q . =
d.f(x) _{ sinx,x & Q aty

f (x) is continuous when cos 2x = sin x which has
Y . P
x = _-asone of the solutions. Hence, it is

continuous
Also in the neighbourhood of x =

= f(x) is not dlfferentlable atx = %
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162 (b)

a. The given function is clearly continuous at all points except possibly at x = +1
As f(x) is an even function, so we need to check its continuity only at x = 1

lim f(x) = lim f(x) = f(1)
x-1 x—>1*
. 2 ot 1 _
> xh_)r’{l_(ax +b) = xh—>r?+ Minds +b=1 (1)
Clearly, f (x) is differentiable for all x, except possible at x = +1. As f(x) is an even function, so we need to

check its differentiability at x = 1 only

y f)—fQ)  f)—fQ)
im ————— = lim ————

x-1" x—1 x—1t x—1
1

_ax?+b-1 g1
= lim——— = lim —/—

-1 x—1 x->1r x — 1

. ax*—a -1 1
= lim =lim—=2a=-1=2>a=—-—-
x-1 x—1 x->1 x 2

Puttinga = —1/2 in(1) wegeth =3/2= k| =1=2k = +1

b. If f(x) = sgn(x? — ax + 1) is discontinuous then x> — ax + 1 = 0 must have only one real root. Hence
a=%2

c. f(x) =[2 + 3|n|sinx],n € N has exactly 11 points of discontinuity in x € (0, 7)

The required number of pointsare 1 + 2 (3|n| — 1) =6|n|—-1=11=>n = £2

d.f(x) = |||x| - 2| + a| has exactly three points of non-differentiability

f(x) is non-differentiable atx = 0,|x| =2 =0o0rx =0, £2

Hence, the value of a must be positive, as negative value of a allows ||x| — 2| + a = 0 to have real roots,
which given more points of non-differentiability

g(x) g(lx]) = x* + blx| f) = lgxDI = 1x?
=x2+bx+c +c + b|x|
+ c|
b<0,¢>0 y Y
y \ /’\ /
X D) x' 5
y y
yl
c=0,b<0 y y
y |
X, AL
X '
(0] X ) X
y
y
yl
c=0,b>0 y y
y
b'e X
' X' X
X —> X 0]
0 r
Y g
yl
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b= 0, c<0 y y
y
' X' X
X X
' X
X 0
, y' y'
y
163 (a) ¥
a. f(x) = |x3| = x(x|x|) is continuous and '
differentiable

Clearly from the graph, f(x) is no-differentiable at

x=0
164 (b)
(a(l —xsinx) + bcosx +5
I 2 ,x <0
2 foy =13 x=0
g PO\
yEI— R 1+(— , x>0
NG Where P(x) = ag + a;x + a;x? + azx3
xX'—| | 5 | '2 X f0) =3
2 2 1 = i
y R.H.L. xll)r(‘r)l+f(x)
. . : 1/h
- P(h
Clearly from the graph, f(x) is non-differentiable — 1im £(0 + /) = lim f(h) = lim {1 + < ( ))}
atx =0 h-0 h—0 h—0 h
c. f(x) = |sin~1 x| is continuous  f is continuous atx = 0

y ~ R.H.L. exists
: For the existence of RH.L., ag,a; = 0
= R H.L= }llirr(l)(l + ah + agh?)Y" (1% form)

_ e}li_r)r}](1+azh+a3h2—1)(1/h) e

LHL.= x]i,%l—f(x) = }lli_r%f(o —h)
lim a(1 — (=h)sin(—h)) + bcos(—h) + 5

2

_______ L. =
2 : h—0 (—=h)2
1 ' 2
g , _ _ a(1—h(m)+b(1-2)+5
Clearly from the graph, f(x) is non-differentiable = lim Iz 2!
h—0
tx=20
arx 1 ) . For finite value of L.H.L,a+ b + 5 = 0 and
d. f(x) = cos™" |x| is continuous b
-a—-=3

2
Solving, we geta = —1,b = —4

Now g(x) = 3asinx — bcosx = —3sinx +
4cosxwhich has the range /-5, 5/

Also P(x) = azx® + (log, 3)x?

P"(x) = 6azx + 2log, 3
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165

166

= P"(0) = 2log, 3

Further, P(x) = b = a3x3 + (log, 3)x?> = —4 has
only one real root, as the graph of P(x) = azx3 +
(log, 3)x2 meets y = —4 only once for negative
value of x

(<)
For0 < x <§,g(x) =1+tanx
T
x € [O'Z) = 1+4+tanx €[1,2)
Sof(g(x)) =f(1+tanx) =1+ tanx + 2
n),g(x) =3 —cotx

n) = 3 —cotx € [2,00)

and for x € E,
cef
4'
So f(g(x)) = f(3 —cotx) =6 — (3 —cotx)
@ (()) 3+tanx,0§x<%
Let h(x) = x)) =
/e 3+cotx,%§x<7r
Clearly, f(g(x)) is continuous in [0, )

(T — i _ 2,y = _
Now h (4)—11mx_)§( cosec x) = —2

-
h' (—) = lim (sec?x) = 2
x) "L

So f(g(x)) is differentiable everywhere in [0, )
other thanatx = %

i
|3+tanx|,0§x<z

flg) =

I3 + cotxl,% <x<m

Which is non-differentiable at x = /4 and where
3+ cotx = 0orx = cot™1(=3)

Forx € [0,%),3 +tanx € [3,4)

Forx € E,n),3 + cotx € (—, 4]

Hence, the range is [—, 4)

(@)

F(x) = lim

n—-oo

) +x*"g(x)
1+ x2n

f(x), 0<x?<1
_ { f(x);‘g(x)'xz 1

g(x), x?2>1
g(x), x< -1
f(1)+g(-1)
—_,x=-1

2
=<f), -1<x<1
Wt
> ,

g(x), x>1

If F(x) is continuous Vx € R, F(x) must be made
continuous outat x = +1

For continuity atx = -1, f(—-1) = g(-1) =2 1—

a+3=b-1>

a+b=5 (1)

For continuityatx = 1,f(1) =g(1) = 1+a +

3=1+b

>a—-b=-3 (2)

Solving equations (1) and (2), we geta = 1 and

b=4

f)=gx)>x?+x+3=x+4=>x2=1>x
=41

167 (a)

[x], -2<x<—
f@x) = )

2x2—1,—§<x52
-2,-2<x<-1

N =

11<<1
,_X_Z

I
__/\__\

1
k2x2—1,—§<x52

[ 2, —2<x<-1
1
<y < —=
IF(o)l = lsx<-7
| 1
U2x2—1|,—§<x32
[ 2, -2<x<-1
1
1» _1S S__
=73
_ 1 1
=V1-2x%, ——<x<—
2 2
2?1 cx<2
xt—1,—=<x<
V2
(=2, —2<|xl<-1
I 1
flxp ="t TlskS—7_g0 g
| 1
\2l2 =1, -5 < Ixl <2

<x<?2

= g(x) = f(xD) + |f ()|
2x2+1,-2<x< -1

2x2 1<x< L
X-, S XS )
=1 0 L
, —=<x<—=

2 v2

42 21< <2
X" —4,—=SX =

\ V2

g(-17) = xlin_11(2x2 +1) =3,g(—1%)
= lim 2x? =2

. (1) lim 0 = 0
’g —— ] = lim0 =
2) ot

1+
g( ) = lim, (4x% —2)

Xo——

NA
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168

169

170

171

Hence, g(x) is discontinous at x = —1, —%

. . 1
g(x) is continuous at x = NG

o (5) =03 () -0(3) -

Hence, g(x) is non-differentiable at x = \/—15
()
x? +10x + 8, x < =2
fx)=<Sax?+bx+c,-2<x<0,a#0
x? + 2x, x<0

For continuousatx =0=c =0
Continuousatx = -2 =4 —-204+8=4a—-2b
>2a—b=—-4 (1

Now let the line y = mx + p is tangent to all the
three curves

Solvingy = mx + pand y = x% + 2x
x2+2x=mx+p

X +Q2-mx—p=0

D=0

2-m)i+4p=0 (2)

Again solvingy = mx + pandy = x% + 10x + 8
x2+10x+8=mx+p
>x2+(10-m)x+8—-p=0
D=0=(10—-m)>—-4(8-p)=0

= ((10-m)? -2 -m)? =42

= (100 — 20m) — (4 —4m) = 32
=>m=4andp = -1

Hence equation of the tangent to first and last
curves is

y=4x—-1 (3)

Now solving this with y = ax? + bx(as ¢ = 0)
ax?+bx=4x—-1=ax*+(b—-4)x+1=0
D=0

= (b—4)?=4a

Alsob = 2a+4 (from (1))

~4a’ =4a >a=1andb=6(asa # 0)
f'(07) = Li_t)r(l)(Zax +b)=0b

f'(0*) = Li_t)r(l)(Zax +2)=2=>b=2

(7)
Letg(x) = (Inx)(Inx) -+ 00
0, 1<x<e
g(x)z{ 1, x=e
0, x>e
x, 1<x<e
Therefore f(x) = { x/2,x =e
0, e<x<3

Hence f(x) is non-differentiable at x = e

(5)

f(x) = sgn(sinx) is discontinuous when sinx = 0

> x=0,m 2, 3w, 41

(1)

X2 f(x) + 22 g(x)

lim h(x) = lim lim

x-1" x—1" n—ooo (1 + xZn)
=g
. X () + xP™ g (x)
Jim h(x) = lim lim (1 + x2m)
=f()

w lim,_q h(x) exists = (1) = g(1)
= f(x) —g(x) =0hasarootatx =1
172 (6)
g(>-1),0<x<1
g(f() = 1
g <§) ,1<x<2

(x—1D(x—2-2k)
_i .

+3,0<x<1
4—-2k1<x<2

lim, ;- g(f (x)) = 3,8(f(1)) = 4 — 2k and

lim,,_,,+ g(f(x)) = 4 — 2k for g(f(x)) to be

continuousatx = 1,4 -2k =3=k =%

(8)
) = i LEH R =1

f(x)+ f(h) + 2xh(x + h) —
= (f@+ O -3)

173

= lim
h—0 h
- ’lli_%f—(h);f(O) +2x2 = £1(0) + 2x2
T O SN Ohs S OEYIO)
o 6h RS0 2h h=0 2h
_ ') 2 ey 4
=7 =3°/'0=3

4
“fI00) = 5 4 2
_ 2 4 2x3 0 _/1_1
f=1+zx+—=f0)=1=3

2x3 4 1 25
-'-f(x)=%+—x+§:f(2)=—

3 3
174 (2)

= li
f(0) = lim tanx — sinx
tan(tan x) — sin(sin x)

tanx (1-cosx 3
— = X
X X

tan(tan x) — sin(sin x)

tan(tan x) — sin(sin x)

= lim
x—0

= 2 lim 3
x-0 X

(tan X+

tan3 x

+ 2 tanSx + ) -
15

3

sin3x | sin®x )

=2 lim 3! 5!
x—0 x3

(sin X —
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175

176

177

178

tan®x = sindx
_ tanx — sinx ( 3 +T)
= 2 lim ( ) + —+ -
e 3 3
. tanx) (1-cosx 1,1\ _
‘thxﬁo((T)( po )+§+z)-
212+12=2
(8)
fax? +bx for —1<x<1
a—-b—-1 -1
2 =
a+b+1
£ 1
2
1
o forx >1lorx < -1
atb+1

For continuity atx = 1 wehavea + b =

Hence,a+b=1 (1)

For continuity atx = —1
a—-b=-1la-b=-1 (2)

Hencea =0and b =1

(6)

glx) = [%] is continuous if [%] = 0 for

Vf(x)€E (1, \/%), for which we must have
a>+/30

Hence the least value of a is 6

(4)

sgn(x? — 3x + 2) is discontinuous when
x>—=3x+2=0o0rx=1,2

[x — 3] = [x] — 3 is discontinuous at x = 1, 2, 3,4
Thus f(x) is discontinuous at x = 3, 4

Now both sgn(x? — 3x + 2) and [x — 3] are
discontinuous atx = 1 and 2

Then f(x) may be continuous at x = 1 and 2
Butf(1)=—-2and f(1*) =-14+0-3 =—4
Thus f(x) is discontinuous at x = 1

Also f(2)=—1landf(2*)=1-1=0

Hence f(x) is discontinuous at x = 2 also

(2)

g,(3_) = lirnh—>0
(€Y)

For existence of limit ;}L%NT =0

~2a—3b=2 (2)
b(3+h)+2—(3b+2) _

2

g3-1-g(3) _ |
—h h—0

. av4a—h—-(3b+2)
L

Now g'(3*") = }llin})f =b (3)
Substituting 3b + 2 = 2a in equation (1)
av4—h—2a

§G) =lim———
_ < (4—h)—4 > a
= lim =—
h=0\(-h)(V4—h+2)) 4
Hence g’'(37) = g'(3%)

179

180

181

182

a
—=bsa=4b (4

4
From equation (2) and (4)
8b—3b=2
S>b=2anda=2

5 5
>a+b=2
(7

sin™! | sin x | is periodic with period m

y y = sin”!|sin x|

Tr%’2‘-’: SN AR SN /* """

X
2 T 312 In
(1)
) ¢
) Jzo) etdt
Given 52— =
fy(l/t)dt

:)ef(x)_ef(Y):Inx—Iny
>e/® _Inx=c=f(x) =In(Inx+c)
: 1
Smcef(;)—o =>c=2
In(x+2); x=k
N =
ow f(g(x) {In 2+x%); 0<x<k
For continuity atx = k
In(k+c)=1In(k?+c) =>eitherk=00rk =1
vk>0=k=1

(8)

Wehave f(x) = [x] + [x +1/3] + [x + 2/3] =
[3x]

Which is discontinuous when 3x = k or
x=k/3, kel

Hence points of discontinuity are 1/3,2/3, 3/3,
4/3,5/3,6/3,7/3,8/3

(5)
1
!{xp sin(;) +x2, x>0
o FH — 1
f7@ xP sin (;) —x%, x<0
0, X =
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f1" () =

1 1
(_xP=4sin (—) — (p — 2)xP~3 cos (—)
x x
r-seos(;)
—pxP~3 cos (-
p x
1
+p(p — 1)xP~2 sin (;) +2, x>0
—xP~* sin (l) —(p—2)xP3 cos (l)
x x
rseos(;)
xP~3 cos -
P x

1
+p(p — 1)xP~2 sin (;) -2, x<0

\ 0, x=0

RHL = LHL = f(0) =0
*+ sin oo and cos oo lie between —1 to 1. Forp = 5,
RHL=2 LHL= -2

f(0)=0

Forp € [5, ), f"(x) is not continuous
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